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UNIT 7 CIRCLES AND CONIC SECTIONS Circles and Conic Sections

Structure 
7.1 Introduction 

Objectives 

7.2 Circle 
7.2.1 Equations of a Circle in Different Forms 
7.2.2 Intersection of a Line and a Circle 

7.3 Conic Section 
7.3.1 Parabola 
7.3.2 Ellipse 
7.3.3 Hyperbola 

7.4 Summary 

7.5 Answers to SAQs 

7.1 INTRODUCTION 

In Unit 6, we have studied the Cartesian coordinate system and representing lines 
by algebraic equations. In this unit, we will be studying curves of intersection of a 
double right circular cone by a plane, commonly known as a conic section. These 
curves are called parabola, ellipse and hyperbola. We shall define these curves 
algebraically. We will also be studying circle in different forms. 

Objectives 
After studying this unit, you should be able to 

• derive the equations of a circle in different forms, 

• derive the points of intersection of a line and a circle, 

• find the equation of a tangent and a normal to a circle at a given point, 

• define a conic section, 

• obtain the equations of different forms of conic section namely 
parabola, ellipse and hyperbola, and 

• have an idea of the different forms of conic section. 

7.2 CIRCLE 

Definition 1 

The set of all points in a plane each of which is at a constant distance from a 
fixed point in that plane is called a circle. 

In other words, a circle is the locus of a point which moves in a plane so 
that it remains at a constant distance from a fixed point in the plane. 

Definition 2 

The fixed point is called the centre and the constant distance is called the 
radius. Radius of a circle is always positive and a circle is generally 
denoted by S. 
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7.2.1 Equations of a Circle in Different Forms Mathematics-I 
 

(1) Central Form  

To find the equation of a circle whose centre is  and radius 
is r. 

),( khC

 

 

 

 

 

 

 
Figure 7.1 

Let S be the circle and let  be any point on the circle. ),( yxP

Then   rCP =  

i.e.   rkyhx =−+− 22 )()(  

i.e.    222 )()( rkyhx =−+−

(2) Simplest (Standard) Form 

If centre is the origin, then 0,0 == kh . 

∴   Equation of the circle is . 222 ryx =+

(3) General Form 

Equation of the circle is 

   222 )()( rkyhx =−+−

i.e.   22222 22 rkkyyhhxx =+−++−

i.e.   022 22222 =−++−−+ rkhkyhxyx

Let   crkhfkgh =−+−=−= 222and,

then the equation of the circle is 

                          . . . (7.1) 02222 =++++ cfygxyx

),( fg −−  is the center and r the radius cfg −+ 22  

i.e.  . 022 >−+ cfg

Thus Eq. (7.1) is the said to be the general form. 

Remark 

If  then the equation represents a single point 
. It is called a point circle. 

022 =−+ cfg
),( fg −−
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Circles and Conic Sections(4) Diameter Form 

Find the equation of a circle having AB as the diameter where A is 
 and B is . ),( 11 yx ),( 22 yx

Let  be any point on the circle. Joint AP and PB. ),( yxP

Then , i.e. AP and PB are perpendicular lines. o90APB =∠

 

 

 

 

 

 

 
 

Figure 7.2 

Slope of AP is 
1

1
xx
yy

−
−

=  

Slope of BP is 
2

2
xx
yy

−
−

=  

∴  1.
2

2

1

1 −=
−
−

−
−

xx
yy

xx
yy  

i.e.  )()()()( 2121 xxxxyyyy −−−=−−  

i.e.  0)()()()( 2121 =−−+−− yyyyxxxx  

Example 7.1 
Determine the equation of a circle if its center is (8, − 6) and which passes 
through the point (5, − 2). 

Solution 
Since the circle passes through A (5, − 2) and C (8, − 6) is the centre 

∴  22 )26()58(radius +−+−== CA  

              5169 =+=  

The equation of the circle is 

    25)6()8( 22 =++− yx

or   075121622 =++−+ yxyx

Example 7.2 

Does  represent a circle? If yes find the centre 
and the radius. 

04561222 =++−+ yxyx

Solution 

    04561222 =++−+ yxyx
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represents a circle as it is comparable to the general form Mathematics-I 
 

    02222 =++++ cfygxyx

Now the equation of the circle can be written as 

    045)6()12( 22 =+++− yyxx

i.e.   045936)3()6( 22 =+−−++− yx

i.e.   0)3()6( 22 =++− yx

i.e. the equation represents a point circle, centre being (6, − 3) and radius is 
zero. 

Example 7.3 

Find the equation of a circle which passes through the points (2, − 2) and 
(3, 4) and has its centre on the line 722 =+ yx . Find the centre and the 
radius. 

Solution 

Let the equation of the circle be 

    02222 =++++ cfygxyx

As (2, − 2) and (3, 4) lie on the circle 

∴  04444 =+−++ cfg  

i.e.  0844 =++− cfg               . . . (7.2) 

and  086169 =++++ cfg  

i.e.  02586 =+++ cfg               . . . (7.3) 

Since the centre ),( fg −−  lies on 722 =+ yx . 

∴  07220722 =++⇒=−−− fgfg            . . . (7.4) 

Solving Eqs. (7.2), (7.3) and (7.4), we have 

   1,2,
2
5

−=−=−= fcg  

⎟
⎠
⎞

⎜
⎝
⎛∴ 1,

2
5  is the centre and radius 

2
3721

4
25

=++= . 

7.2.2 Intersection of a Line and a Circle 
To find the condition that the line cmxy +=  may intersect the circle 

. 222 ayx =+

The equation of the line is  

    cmxy +=               . . . (7.5) 

and the equation of the circle is 

                  . . . (7.6) 222 ayx =+
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Circles and Conic Sections 

 

 

 

 

 

 
Figure 7.3 

A point will lie on the intersection of the line and the circle iff its co-ordinates 
satisfy both the Eqs. (7.5) and (7.6) simultaneously. 

Substituting the value of y from Eq. (7.5) into Eq. (7.6), we have 

    222 )( acmxx =++

i.e.    02 22222 =−+++ acxmcxmx

i.e.               . . . (7.7) 0)(2)1( 2222 =−+++ acxmcxm

This being quadratic in x has two roots, say . 21 and xx

∴   Line in Eq. (7.5) will meet the circle in Eq. (7.6) iff the roots of Eq. (7.7) are 
real 

i.e. iff  0)()1(44 22222 ≥−+− acmcm

i.e. iff  0)( 22222222 ≥−+−− macmaccm

i.e. iff  02222 ≥++− maac

i.e. iff . 222 )1( cma ≥+

∴   The line in Eq. (7.5) will meet the circle in Eq. (7.6) in two distinct points  
iff . The line will meet the circle in one and only one point, i.e. 
the line will be a tangent iff  and the line will not meet the circle  
iff . 

222 )1( cma >+
222 )1( cma =+

222 )1( cma <+

Corollary 1 

Line in Eq. (7.5) is a tangent line to the circle if  i.e. ,)1( 222 cma =+

21 mac +±=  i.e. 21 mamxy +±=  are the equation of tangents to the 

circle  with slope m. 222 ayx =+

Generally we write 21 mamxy ++=  to be the equation of the tangent  

with slope m to the circle . 222 ayx =+

Theorem 1 

Find the equation of a tangent at a point  to the circle ),( 11 yxP

      . . . 
(i) 

0,022 2222 >−+=++++ cfgcfygxyx
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Let  be another point on the circle close to the point . ),( 22 yxQ ),( 11 yxPMathematics-I 
 

As P and Q lie on the circle (i) 

then 

       . . . (ii) 022 11
2
1

2
1 =++++ cfygxyx

                . . . (iii) 022 22
2
2

2
2 =++++ cfygxyx

i.e.  0)(2)(2)()( 1212
2
1

2
2

2
1

2
2 =−+−+−+− yyfxxgyyxx

i.e. 0)(2)(2)()()()( 121212121212 =−+−++−++− yyfxxgyyyyxxxx  

  )2()(]2[)( 12121212 gxxxxfyyyy ++−−=++−⇒  

  
fyy
gxx

xx
yy

2
2

12

12

12

12
++
++

−=
−
−

⇒  

12

12
xx
yy

−
−  is the slope of the line PQ and as Q → P i.e. , 

then 

1212 , yyxx →→

fy
gx

fy
gx

xx
yy

+
+

−=
++
+

−=
−
−

1

1

1

1

12

12
22

22  

∴   Slope of the tangent is 
fy
gx

+
+

−
1

1 . 

∴   Equation of tangent at  and with slope ),( 11 yxP
fy
gx

+
+

−
1

1  is 

    )( 1
1

1
1 xx

fy
gxyy −

+
+

−=−  

   0)()()()( 1111 =−+++−⇒ xxgxfyyy  

   0)()( 1111 =++++++⇒ cyyfxxgyyxx  

    using (ii) 022 11
2
1

2
1 =++++ cfygxyx

∴   Equation of the tangent is 

0)()( 1111 =++++++ cyyfxxgyyxx  

Definition 3 

Let P be a point on a given curve C. Then a line through P, perpendicular to 
the tangent at P, is called normal to the curve C at P. 

 

 

 

 
Figure 7.4 
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Circles and Conic SectionsSince a circle has a unique tangent at each point, it will have a unique 

normal at each point. 

Theorem 2 
Find the equation of a normal at to the circle ),( 11 yxP

          . . . 
(i) 

02222 =++++ cfygxyx

The equation of the tangent to the circle (i) is 

   0)()( 1111 =++++++ cyyfxxgyyxx  

or  0)()( 1111 =++++++ cfygxyfyxgx  

∴    Slope of the tangent at 
fy
gxP

+
+

−=
1

1 . 

∴   Slope of normal at P is 
gx
fy

+
+

1

1 . 

∴   Equation of the normal at  to the circle is ),( 11 yxP

   )( 1
1

1
1 xx

gx
fyyy −

+
+

−=−  

or  )()()()( 1111 xxfyyygx −+=−+    . . . (ii) 

Corollary 2 

Centre of the circle  is 02222 =++++ cfygxyx ),( fg −−  and the 
coordinates of the centre satisfy the equation (ii) 

∴   The normal to a circle at any point passes through the centre. 

Example 7.4 

Find the equations of the tangent to the circle  which are 
parallel to . 

922 =+ yx
043 =+ yx

Solution 

Centre of the circle  is (0, 0). 922 =+ yx

Equation of the line is  i.e. 043 =+ yx xy 34 −= . The slope of this line is 

4
3

− . Hence the slope of any line parallel to the line will be 
4
3

− . 

Equations of the tangents are 

   21 mamxy +±= , 

i.e.   5
4
3

4
3

16
913

4
3 .±−=+±−= xxy  

i.e.  1534 ±−= xy  

i.e.   1543 ±=+ yx

Example 7.5 

Find the equations of tangent and normal to the circle  
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Mathematics-I 
     0110222 =+−−+ yxyx

at the point (− 3, 2). 

Solution 

The equation of the circle is 

    0110222 =+−−+ yxyx

The equation of the tangent at the point (− 3, 2) to the circle is 

   01)2(
2

10))3((
2
2)2()3( =++−−+−+− yxyx  

i.e.  01105323 =+−−+−+− yxyx  

i.e.  0634 =−−− yx  

i.e.  0634 =++ yx  

Slope of the tangent at 
3
4

−=P  

∴   Slope of the normal at 
4
3

=P  

∴   Equation of the normal at (− 3, 2) to the circle is 

   )3(
4
32 +=− xy  

or  9384 +=− xy  

or  01743 =+− yx  

SAQ 1 
(a) Obtain the equation of a circle which passes through the intersection 

of the lines 0123 =−− yx  and 0274 =−+ yx  and whose centre is 
the point (2, − 3). 

(b) Find the co-ordinates of the centre and radius of the circles 

(i)  010822 =+−+ yxyx

(ii)  0612)(4 222 =−−++ aayaxyx

(c) Find the equation of the circle which is concentric with 
 and which passes through (6, 2). 04312822 =++−+ yxyx

(d) Show that the points (1, − 6), (5, 2), (7, 0), (− 1, − 4) are the vertices 
of a cyclic quadrilateral. 

(e) Find the equation of the circle which passes through (4, 1) and (6, 5) 
and has its centre on the line 164 =+ yx . 
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Circles and Conic Sections 

 

SAQ 2 
(a) Find the equation of a circle passing through origin and making 

intercepts 4 and 5 on the co-ordinates axis. 

(b) Find the equation of the circle circumscribing the Δ formed by the 
lines  and the axes of x and y. 2443 =+ yx

(c) One end of a diameter of the circle  is (2, 1). 
Find the co-ordinates of the other end. 

045322 =−+−+ yxyx

(d) Find the equation of the circle with centre (1, 1) and which touches 
the line . 1=+ yx

(e) Find the equation of the normal to the circle 
 at the point (2, 3). Show that the normal 

meets the circle again at the point (− 6, − 9). 
0396422 =−+++ yxyx

(f) Show that the tangents drawn at the points (12, − 5) and (5, 12) to the 
circle  are perpendicular to each other. 16922 =+ yx

 
 
 
 
 
 
 
 
 
 

7.3 CONIC SECTION 

Definition 4 

A conic is the locus of a point which moves so that its distance from a fixed 
point is in a constant ratio to its distance from a fixed straight line. 

Definition 5 

The fixed point is called the focus and is denoted by S. 

The constant ratio is called the eccentricity and is denoted by e. 

The fixed straight line is called the directrix. 

Types of Conic 

There are three types of conics. 

(i) Parabola  If e the eccentricity is = 1. 

(ii) Ellipse  If e the eccentricity is < 1. 

(iii) Hyperbola  If e the eccentricity is > 1. 

Physical Interpretation 
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The section of a double cone with common vertex cut by a plane is known 
as conic section. The shape of the conic section depends upon the position 
of the plane. 

Mathematics-I 
 

(i) If the plane is parallel to the base, the section is the circle. 

(ii) If the plane is inclined to the base, the section is ellipse. 

(iii) If the plane is inclined to the base and cuts the base, the section is 
parabola. 

(iv) If the plane is parallel to the axis of the cone, the section is hyperbola. 

(v) If the plane contains the axis of the cone, the section is a pair of lines. 

Equation of Conics in Standard Form 

7.3.1 Parabola 
A parabola is the locus of a point which moves so that its distance from a fixed 
point is equal to its distance from a fixed line. 

Let S be the focus and ZM the directrix of the parabola. Let P be a point on the 
parabola. Draw ZMPM ⊥ . 

PMSP =∴  

From S draw . Bisect SZ at A. ZMSZ ⊥

i.e.   AZSA = . 

Then A lies on the parabola. Let SZ = 2a, then AS = AZ = a. 

Take A as origin, AS as the x-axis and ⊥Ay to it as the y-axis. 

 

 

 

 

 

 

 

 

 

 
Figure 7.5 

Then the co-ordinates of S are (a, 0) and PM = SP. 

i.e.  ASZAPMyax +==−+− 22 )0()(  

             xa +=  

i.e.   22222 22 aaxxyaaxx ++=++−

i.e.   axy 42 =

This is the equation of the parabola in the Standard Form. 
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Circles and Conic SectionsNote 

(i) Focus is  ),( oaS ≡

(ii) Directrix is ax −=  i.e. 0=+ ax  

(iii) Vertex is A and . )0,0(≡A

(iv) AS a called the axis of the parabola and AS is y = 0. 

(v)  is called the latus-rectum. LL ′

Let SL = l 

Then  lies on the parabola LlaL and),(≡

   aal ×=∴ 42

i.e.  aal 24 2 ±==  

As l is positive al 2=∴  

Hence latus-rectum aLSLL 4)(2 ==′= . 

 

 

 

 

 

 

 
Figure 7.6 

Other Shapes of the Parabolas 

Find the equation of a parabola with 

(i) focus  and the line 0,)0,( >− aaS 0=− ax  as directrix. 

(ii) focus  and the line 0,),0( >aaS 0=+ ay  as directrix. 

(iii) focus  and the line 0,),0( >−= aaS 0=− ay  as directrix. 

(i) Let  be any point on the parabola. ),( yxP

Then PMPS =  where PM is the length of the perpendicular drawn 
from P on the directrix, 

i.e.  
1

)0()( 22 ax
yax

−
=−++  

i.e.   222 )()( axyax −=++

i.e.   22222 22 aaxxyaaxx +−=+++

i.e.   0;42 >−= aaxy

Sometimes it is called left hand parabola. 
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(ii) Proceed as above. It will be found that the equation of the parabola is 
. 0;42 >= aayx

Mathematics-I 
 

(iii) In this case the equation of the parabola is . 0;42 >−= aayx

Table 7.1 : Main Facts about the Parabola 

Equation axy 42 =
0>a  

axy 42 −=  
 0>a

ayx 42 =  
 0>a

ayy 42 −=  
 0>a

Axis y = 0 y = 0 x = 0 x = 0 
Directrix x = − a x = a y = − a y = a 
Focus (a, 0) (− a, 0) (0, a) (0, − a) 
Vertex (0, 0) (0, 0) (0, 0) (0, 0) 
Length of  
Latus-Rectum 

4 a 4 a 4 a 4 a 

Equation of Latus-
Rectum 

x = a x = − a y = a y = − a 

Focal distance of 
the point (x, y) 

x + a a − x y + a a − y 

Example 7.6 

Find the equation of the parabola whose focus is (3, 0) and the directrix is 
. 143 =+ yx

Solution 
Let  be any point on the parabola. Then distance of P from (3, 0) is ),( yxP

    22)3( yx +−  

Distance of  from the line ),( yxP 0143 =−+ yx  is 

  
5

143

43

143
22

−+
=

+

−+ yxyx  

∴   Equation of the parabola is 

  
5

143)3( 22 −+
=+−

yxyx  

or  222 )143(]96[25 −+=++− yxyxx

                 yxxyyx 86241169 22 −−+++=

i.e.  0224814424916 22 =++−−+ yxxyyx

Example 7.7 
Find the vertex, focus and directerix of the parabola 

. 03912124 2 =+−+ yxy

Solution 

The equation can be written as  3912124 2 −−=− xyy
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Circles and Conic Sections

i.e.     
4

39332 −−=− xyy  

i.e.  
4
9

4
393

2
3 2

+−−=⎟
⎠
⎞

⎜
⎝
⎛ − xy  

        
2

153 −−= x  

        ⎟
⎠
⎞

⎜
⎝
⎛ +−=

2
53 x  

write ,
2
5,

2
3

+=−= xXyY , the equation can be written as . XY 32 −=

With respect to ⎟
⎠
⎞

⎜
⎝
⎛−= XY

4
342  

∴ Vertex is )}0,0(isVertex{
2
3,

2
5 ∵⎟

⎠
⎞

⎜
⎝
⎛−  

  Focus is }0,
4
3isFocus{

2
3,

4
13

⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛− ∵  

  Directrix is }
4
3isDirectrix{

4
7

=−= Xx ∵  

SAQ 3 
(a) Find the equation of a parabola with 

(i) Focus is (1, 1) and the directrix is 01 =++ yx . 

(ii) Focus is (0, − 3) and the vertex is (0, 0). 

(iii) Focus is  and the vertex is )0,(a )0,(a′ . 

(b) Find focus, vertex, length of latus rectum, equation of the directrix of 
the following parabolas : 

(i)  xy 42 −=

(ii)  yx 83 2 =

(c) Find the vertex, focus and directrix of the parabola 

(i)  )2(2)3( 2 +=+ xy

(ii)  yxy 442 +=

(iii)  1492 −=+ xyx

(iv)  08123 2 =−+ yxx
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7.3.2 Ellipse Mathematics-I 
 

Definition 6 

Ellipse is the locus of a point which moves so that its distance from a fixed 
point is in a constant ratio (less than one) to its distance from a fixed 
straight line. 

Standard Equation 

Let S be the focus and ZM the directrix. 

 

 

 

 

 

 

 

 

 

 
Figure 7.7 

Let P be the point on the ellipse and ZMPM ⊥ , then 

e
PM
SP

=  

Draw . Divide SZ internally and externally at A and A′ in the ratio 
of e : 1 so that 

ZMSZ ⊥

    
1

,
1

e
ZA

ASe
AZ
SA

=
′
′

=  

i.e.     AZeSA =       . . . (i) 

                 ZAeAS ′=′                 . . . (ii) 

Bisect . Let CAA at′ aAA 2=′ . 

Then aACAC =′=  

Let C be the origin and CA as x-axis, 

⊥Cy to it as y-axis. 

Adding (i) and (ii) we have 

     ][ ZA AZeASSA ′+=′+  

      ])()([)()( CZACCACZeACCSCSCA +′+−=′++−  

       }{.2.2 aACCACZea =′=∴=  

i.e.    
e
aCZ =                . . . (iii) 
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Circles and Conic SectionsSubtracting (ii) from (i) we have 

   ] [ AZZAeSAAS −′=−′

i.e. ])()([)()( CACZCZACeCSCAACCS −−+′=−−′+  

i.e.  CAACCAeCS =′= as]2[2

i.e.         . . . 
(iv) 

aeCS =

∴  Co-ordinates of S and Z are ⎟
⎠
⎞

⎜
⎝
⎛ 0,and)0,(

e
aae  respectively. 

Let P be (x, y), then 

   
2

222 )0()( ⎟
⎠
⎞

⎜
⎝
⎛ −=−+− x

e
aeyaex  

i.e.  ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−=++− 2

2

2
22222 22 x

e
ax

e
aeyeaaexx  

i.e.   )1()1( 22222 eayex −=+−

i.e.  1
)1( 22

2

2

2
=

−
+

ea
y

a
x  

i.e.  )1(where1 222
2

2

2

2
eab

b
y

a
x

−==+  

This is the standard equation of the ellipse. 

B lies on the y-axis   ∴   x-coordinate of B is zero. Suppose ),0( hB ≡ . 

Then as B lies on the ellipse 

   bhbh
a
h

a
±===+ .e.i.e.i10 22

2

2

2  

   ),0(and),0( bBbB −≡′≡∴  

Points to Note 
(i)  are called vertices. AA ′and

(ii) AA ′  is called the major axis. 

(iii)  is called the minor axis. BB ′

(iv) C is called the centre. 
(v)  is called the latus rectum and the length of the latus 

rectum can be found as follows. 
LLS ′

Let    ),( laeL =

L lies on the ellipse 

  2
2

2

2

2

2

22
1.e.i,1 e

b
l

b
l

a
ea

−==+∴  

i.e.    )1( 222 ebl −=

i.e.      21 ebl −=  
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   bea

a
bebLL =−=−=′ 2

2
2 1as212  

(vi) It is symmetrical about x as well as y-axis. 
aaAaA 2)0,()0,( andand −≡′≡ is called the length of the 

major axis.  

bBBbBbB 2and),0(,),0( =′−≡′≡ is the length of the minor 
axis. 

(vii) Since 12

2

2

2
=+

b
y

a
x  represents ellipse with focus , )0,(aeS

0directrix =−
e
ax and as the ellipse is symmetrical about y-axis. 

It follows that the ellipse with focus  and )0,( aeS − 0=+
e
ax  as 

directrix and e as eccentricity coincide with the given ellipse, 

i.e. the ellipse 12

2

2

2
=+

b
y

a
x  has two focii ),(),( and oaeoae −  

and the two corresponding directrices are 0=−
e
ax  and 

0=+
e
ax . 

Theorem 3 

The sum of the focal distances of any point on an ellipse is constant and is 
equal to the length of the major axis. 

i.e.  aPSSP 2=′+  

 

 

 

 

 
 

 

 
 

Figure 7.8 

Let  be any point on the ellipse. Join . From P draw 
on ZM, 

),( yxP PSSP ′,
⊥PM MZMP ′′⊥′ on  and ⊥PN  on the x-axis. Then 

  exax
e
aeCNCZeZNePMeSP −=⎟

⎠
⎞

⎜
⎝
⎛ −=−=== )(    . . . (i) 

  exax
e
aeCNZCeZN eMPePS +=⎟

⎠
⎞

⎜
⎝
⎛ +=+′=′=′=′ )(  . . . (ii) 

 Adding (i) and (ii) we have 



    

153

 
Circles and Conic Sections    aexaexaPSSP 2 =++−=′+  

Example 7.8 

Find the equation of an ellipse whose focus is (1, 0), the directrix is 

 and eccentricity is equal to 01 =++ yx
2

1 . 

Solution 

Let  be any point on the ellipse. ),( yxP

Then   
22

22

11
1

2
1)0()1(

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=−+−

yxyx  

i.e.  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ +++++
=++−

2
1222

2
112

22
22 yxxyyxyxx  

i.e.   12224484 2222 +++++=++− yxxyyxyxx

i.e.   03210323 22 =+−−+− yxyxyx

Example 7.9 

Find the centre, the length of the axes, eccentricity and foci of the ellipse 

    0101222 22 =++−+ yxyx

Solution 

    0101222 22 =++−+ yxyx

    1910)96(2)12( 22 +−=++++− yyxx

    9)3(2)1( 22 =++− yx

i.e.  1

2
9

)3(
9

)1( 22
=

+
+

− yx  

i.e.  1

2
3

)3(
3

)1(
2

2

2

2
=

⎟
⎠

⎞
⎜
⎝

⎛

+
+

− yx  

i.e.  1

2
33 2

2

2

2
=

⎟
⎠

⎞
⎜
⎝

⎛
+

YX  

where   3,1 +=−= yYxX

Now  )1(9)1(
2
9 2222 eeab −=−==  

or  )1(9
2
9 2e−=  

i.e.  
2
11 2 =− e  
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 i.e.  

2
1

2
112 =−=e  

i.e.  
2

1
=e . 

 

Now 

Equation 
1

2
3(3) 2

2

2 =

⎟
⎠

⎞
⎜
⎝

⎛
+

YX 2
 1

2
3

3)(
(3)

1)(
2

2

2

2
=

⎟
⎠

⎞
⎜
⎝

⎛

+
+

− yx  

Centre (0, 0) (1, − 3) 

Length of major axis 6 6 

Length of minor axis 23  23  

Eccentricity 
2

1  
2

1  

Foci )0,
2

3(±  )3,1
2
3( −+±  

SAQ 4 
(a) Find the equation of the ellipse 

(i) whose centre is (1, 2), the directrix is  and  

eccentricity 

543 =+ yx

2
1

= . 

(ii) whose foci are )0,2(±  and eccentricity is 
2
1

= . 

(iii) whose centre is (2, − 3), one focus is (3, − 3) and one vertex  
is (4, − 3). 

(iv) whose axis are the axes of co-ordinates and which passes 
through the points (− 3, 1) and (2, − 2). 

(b) Find the eccentricity, foci, length of the latus rectum of the ellipse 

(i)  0481243 22 =+−−+ yxyx

(ii)  4001625 22 =+ yx

(c) Find the centre, the length of the axes, eccentricity and the foci of the 
ellipse 

(i)  0312444 22 =++−+ yxyx

(ii)  01284 22 =++−+ yxyx
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7.3.3 Hyperbola 
Definition 7 

A hyperbola is the locus of a point, which moves so that its distance from a 
fixed point is in a constant ratio (greater than one) of its distance from a 
fixed line. 

The Standard Equation of a Hyperbola 

Let S be the focus, ZM be the directrix.  

Let  be a point on the hyperbola and ),( yxP ZMPM ⊥ . 

Then   e
PM
SP

=  

Draw  and divide SZ internally and externally at A andZMSZ ⊥ A′ in the 
ratio of e : 1. 

 

 

 

 

 

 

 

 

 

 
Figure 7.9 

    
1

,
1

e
ZA

ASe
AZ
SA

=
′
′

=       . . . 

(i) 

Bisect AA ′  at C. Let , aAA 2=′

then   aCACA == 1

Let C be the origin, CA as the x-axis and CACY ⊥  as the y-axis. 

From (i) we have 

   )( ZAAZeASSA ′+=′+  

   )]()[()()( CACZCZCAeACCSCACS ++−=′++−  

   CAeCS 22 =  

    CAeCS =

   )0,(aeS ≡∴  



 
 

 
156 
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   )( AZZAeSAAS −′=−′  

   )]()[()()( CZCAACCZeCACSACCS −−′+=−−′+  

    CZeCA 2.2 =  

i.e.     
e
aCZ =  

   ⎟
⎠
⎞

⎜
⎝
⎛≡∴ 0,

e
aZ  

Now   222 )()( PMeSP =

i.e.  
2

222 )0()( ⎟
⎠
⎞

⎜
⎝
⎛ −=−+−

e
axeyaex  

i.e.   2222222 22 aaexxeyeaaexx +−=++−

or   )1()1( 22222 −=−− eayex

or  1
)1( 22

2

2

2
=

−
−

ea
y

a
x  

or  )1(1 222
2

2

2

2
where −==− eab

b
y

a
x  

This is the standard equation of the hyperbola. 

Some Facts about the Hyperbola 

(i) It is symmetric about x-axis. x-axis is called the transverse axis and 2a 
is the length of the transverse axis. 

(ii) It is symmetric about y-axis, y-axis does not meet the curve. The line 
containing ),0(and),0( bBbB −′ , i.e. y-axis is called the conjugate 
axis and is of length 2b, called the length of the conjugate axis. 

(iii) It is symmetric about origin, so O (0, 0) is called the center. 

(iv) The points )0,(and)0,( aAaA −′  are called the vertices. 

(v) Since 12

2

2

2
=−

b
y

a
x  represents hyperbola with Focus (ae, 0) and 

directrix 0=−
e
ax  and eccentricity e, and hyperbola is symmetric 

about y-axis it follows that the hyperbola with Focus , 

directrix 

)0,( aeF −′

0=+
e
ax  and eccentricity e coincides with the given 

hyperbola. Thus the hyperbola has two foci and two directrixes. 

(vi) A chord passing through focus )(or FF ′  and perpendicular to 
transverse axis is called a latus rectum and its length as the length of 
the latus rectum. 
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Circles and Conic Sections(vii) Length of latus rectum. Let  be a latus rectum of the hyperbola, 

then  passes through  and is ⊥ to the x-axis. Let 
LL′

LL′ )0,(aeF
0>= lFL , then ),(),( laeLlaeL −−=′≡ . 

Since L lies on the hyperbola 12

2

2

2
=−

b
y

a
x . 

 11 2
2

2

2

2

2

22
−=⇒=−∴ e

b
l

b
l

a
ea  

 01)1( 2222 >−=⇒−=⇒ leblebl ∵  

 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
≡′⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
≡∴

a
baeL

a
baeL

22
,,,  

and length of the latus rectum is 
a
bl

222 = . 

(viii) There are two latra-recta and the extremities of latra recta are 

   ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
≡′⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
≡

a
baeL

a
baeL

22
,,,  

  ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
−≡′⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−≡

a
baeL

a
baeL

2
1

2
1 ,,,  

(ix) The distances of any points on the hyperbola from the two foci are 
called  focal distances of the point. 

(x) The difference of the focal distances of a point on a hyperbola is 
constant and equal to 2a. 

Let  be the foci, ZM and 1, SS MZ ′′  be the corresponding directrix and 
 be any point on the hyperbola. Join ),( yxP PSSP ′, . 

Draw  on ZM and ⊥′ PMMP and MZ ′′  respectively. 

  aex
e
axeZNePMeSP −=⎟
⎠
⎞

⎜
⎝
⎛ −===    . . . (i) 

  aex
e
axeNZeMPePS +=⎟
⎠
⎞

⎜
⎝
⎛ +=′=′=′              . . . (ii) 

 

 

 

 

 

 

 
Figure 7.10 

On subtracting (i) and (ii) we have 
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  )()( aexaxeSPPS −−+=−′  Mathematics-I 
 

i.e.  aSPPS 2=−′  

Example 7.10 

Find the equation of hyperbola whose directrix is , focus (1, 2) 
and eccentricity 

12 =+ yx
3 . 

Solution 

Let  be any point on the hyperbola. ),( yxP

Then  on the directrix is ⊥PM

    
22 12

12

+

−+ yx . 

   
2

222

14
12)2()1( ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−+

=−+−∴
yxeyx  

i.e.  ]24414[]4412[5 22222 yxxyyxeyyxx −−+++=+−++−

i.e.   0221422127 22 =−+−−+ yxyxyx

SAQ 5 
(a) Find the equation of the hyperbola 

(i) whose vertices are (0, 0), (10, 0) and one of foci is (18, 0). 

(ii) the distance between foci is 16, and whose eccentricity is 2 . 

(iii) whose directrix is 01 =−+ yx , focus is (0, 3) and eccentricity 
is 2. 

(b) Find the eccentricity and the co-ordinates of the foci of the hyperbola 

(i)  43 22 =− yx

(ii)  0422 =+− xyx

 

 

 

 

 

 

7.4 SUMMARY 

(i) Equation of a circle is  and a line intersects the 
circle in two points (They can be distinct, same or imaginary i.e. does 
not exist). 

222 )()( rkyhx =−+−
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Circles and Conic Sections(ii) are general equations of a parabola. ayxaxy 44 22 or ±=±=

(iii) 12

2

2

2
=+

b
y

a
x is the equation of the ellipse where . )1( 222 eab −=

(iv) 12

2

2

2
=−

b
y

a
x is the equation of the hyperbola where . )1( 222 −= eab

(v)                          Main Facts about the Parabola 

Equation axy 42 =  
Right-hand 

axy 42 −=
Left-hand 

ayx 42 =  
Upward 

ayx 42 −=  
Downward 

 (a > 0) (a > 0) (a > 0) (a > 0) 

Axis y = 0 y = 0 x = 0 x = 0 

Directrix x = − a x = a y = − a y = a 

Focus (a, 0) (− a, 0) (0, a) (0, − a) 

Vertex (0, 0) (0, 0) (0, 0) (0, 0) 

Tangent at the 
vertex 

x = 0 x = 0 y = 0 y = 0 

Length of latus 
rectum 

4 a 4 a 4 a 4 a 

Equation of  
latus-spectrum 

x = a x = − a  y = a y = − a 

Focal distance 
of the point  
(x, y) 

x + a a − x y + a a − y 

(vi)                        Main Facts about the Ellipse 

Equation 
01,2

2

2

2
>>=+ ba

b
y

a
x 01,2

2

2

2
>>=+ ba

a
y

b
x  

Equation of Major axis y = 0 x = 0 

Length of Major axis 2 a 2 a 

Equation of Minor axis x = 0 y = 0 

Length of Minor axis 2 b 2 b 

Vertices (± a, 0), (0, ±  b) (± b, 0), (0, ±  a) 

Foci (±  ae, 0) (0 ±  ae) 

Directrices 
e
ax ±=  

e
ay ±=  

Equations of Latera recta x = ± ae y = ± ae 

Length of a latus rectum 
a
b22  

a
b22  

Centre (0, 0) (0, 0) 

Focal distances of any a − ex, a + ex a − ey, a + ey 
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(vii)   Main Facts about the Hyperbola 

Equation 
00,1,2

2

2

2
>>=− ba

b
y

a
x 00,1,2

2

2

2
>>=− ba

b
x

a
y

Equation of Transverse 
axis 

y = 0 x = 0 

Length of Transverse axis 2 a 2 a 

Equation of Conjugate 
axis 

x = 0 y = 0 

Length of Conjugate axis 2 b 2 b 

Vertices (± a, 0) (0, ±  a) 

Foci (±  a e, 0) (0, ±  a e) 

Directrices 
e
ax ±=  

e
ay ±=  

Centre (0, 0) (0, 0) 

Equation of Latera-recta x = ± a e y = ± a e 

Length of a latus rectum 
a
b22  

a
b22  

7.5 ANSWERS TO SAQs 

SAQ 1 

(a)  109)3()2( 22 =++− yx

(b) (i) 41),5,4( −  

(ii) 
4

7,
4

3,
2
3 aaa

⎟
⎠
⎞

⎜
⎝
⎛ −  

(c)  01612822 =−+−+ yxyx

(e)  0158622 =+−−+ yxyx

SAQ 2 

(a)  05422 =−−+ yxyx

(b)  06822 =−−+ yxyx

(c)  (1, − 6) 

(d)  0344)(2 22 =+−−+ yxyx
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Circles and Conic Sections(e)  023 =− yx

SAQ 3 

(a) (i)  03662 22 =+−−+− yxyxyx

(ii)  yx 122 −=

(iii)  )()(42 axaay ′−−′−=

(b) (i) Focus (− 1, 0), vertex (0, 0), latus rectum = 4, directrix 01 =−x . 

(i) Focus ⎟
⎠
⎞

⎜
⎝
⎛

3
2,0 , vertex (0, 0), latus rectum 

3
8

= , directrix 

. 023 =+y

(c) (i) 
2
5;3,

2
3);3,2( −=⎟

⎠
⎞

⎜
⎝
⎛ −−−− x  

(ii)  2);2,0();2,1( −=− x

(iii) 0132;6,
2
9or092;

4
25,

2
9

=−⎟
⎠
⎞

⎜
⎝
⎛=−⎟

⎠
⎞

⎜
⎝
⎛ yx  

(iv) 02;
6
5,2;

2
3,2 =+⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −− x  

SAQ 4 

(a) (i)  0475360170248491 22 =+−−−+ yxxyyx

(ii) 1
3236

22
=+

yx  

(iii)  036241243 22 =++−+ yxyx

(iv)  3253 22 =+ yx

(b) (i) 3),1,1(),1,3(,
2
1  

(ii) 
5

32),3,0(,
5
3

±  

(c) (i) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−±− 3,

2
32,

2
3,3,6),3,2(  

(ii) 1),13,1(,
2
3),1,1( −±−  

SAQ 5 

(a) (i) 1
14425

)5( 22
=−

− yx  

(ii)  3222 =− yx

(iii)  07244 22 =−+−++ yxyxyx

(b) (i) 2, ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
± 0,

3
4  
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  (ii) )0,222(,2 ±−  
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