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7.1 INTRODUCTION

In Unit 6, we have studied the Cartesian coordinate system and representing lines
by algebraic equations. In this unit, we will be studying curves of intersection of a
double right circular cone by a plane, commonly known as a conic section. These
curves are called parabola, ellipse and hyperbola. We shall define these curves
algebraically. We will also be studying circle in different forms.

Objectives
After studying this unit, you should be able to

derive the equations of a circle in different forms,

derive the points of intersection of a line and a circle,

find the equation of a tangent and a normal to a circle at a given point,
define a conic section,

obtain the equations of different forms of conic section namely
parabola, ellipse and hyperbola, and

have an idea of the different forms of conic section.

7.2 CIRCLE

Definition 1

The set of all points in a plane each of which is at a constant distance from a
fixed point in that plane is called a circle.

In other words, a circle is the locus of a point which moves in a plane so
that it remains at a constant distance from a fixed point in the plane.

Definition 2

The fixed point is called the centre and the constant distance is called the
radius. Radius of a circle is always positive and a circle is generally
denoted by S.
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7.2.1 Equations of a Circle in Different Forms

1)

)

©)

Central Form

To find the equation of a circle whose centre is C (h, k) and radius

isr.

Figure 7.1

Let S be the circle and let P (x, y) be any point on the circle.

Then ICP| =T

ie. Jx=m2 +(y-K? =r
ie. (x-h)? +(y-k?2=r?
Simplest (Standard) Form

If centre is the origin, then h=0,k =0.

Equation of the circle is x* + y? =r?.

General Form
Equation of the circle is

(x=h?+(y-k?=r?
i.e. x2 = 2hx + h? + y2 — 2ky + k% = r?
i.e. x2 +y2 —2hx—2ky + h? + k2 —r? =0
Let h=-g,k=-f and h2 + k2 -r2=¢
then the equation of the circle is

x2+y2+2gx+2fy+c:0

(- g, — f) is the center and r the radius /g + 2 — ¢

i.e. g2+ f2-c>0.

Thus Eqg. (7.1) is the said to be the general form.

Remark

If g2 + 2 —c=0 then the equation represents a single point

(- g, - f). Itiscalled a point circle.

L (7.0)



(4) Diameter Form

Find the equation of a circle having AB as the diameter where A is
(%, y1) and Biis (x2, y7).

Let P (x, y) be any point on the circle. Joint AP and PB.

Then £ APB =90°, i.e. AP and PB are perpendicular lines.

Figure 7.2

Slope of AP is = Y~ 1
X=X

Slope of BP is =Y —Y2
X = X9

Y-y y_y2=_1
X—% X—X

i.e. (Y =y1) (y=Yy2) == (Xx=x1) (X = X2)
ie. (X =x) (Xx=x2) +(y = y1) (y - y2) =0
Example 7.1

Determine the equation of a circle if its center is (8, — 6) and which passes
through the point (5, — 2).

Solution
Since the circle passes through A (5, — 2) and C (8, — 6) is the centre

radius = [CA| = /(8 — 5) + (- 6 + 2)2
=./9+16 =5
The equation of the circle is
(x-8)2%+(y+6)2=25
or x2 +y2 16X +12y + 75=0
Example 7.2

Does x° + y? —12x + 6y + 45 =0 represent a circle? If yes find the centre
and the radius.

Solution

x2+y2—12x+6y+45:0

Circles and Conic Sections
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represents a circle as it is comparable to the general form
G +y2+29x+2fy+c:0

Now the equation of the circle can be written as
(x2 —12x) + (y2 +6y)+45=0

ie. (Xx—6)2+(y+3)°-36-9+45=0

ie. (x-6)% +(y+3)?=0

i.e. the equation represents a point circle, centre being (6, — 3) and radius is
zero.

Example 7.3

Find the equation of a circle which passes through the points (2, — 2) and
(3, 4) and has its centre on the line 2x + 2y = 7. Find the centre and the

radius.

Solution

Let the equation of the circle be
G +y2+29x+2fy+c=0
As (2, — 2) and (3, 4) lie on the circle
444449 —-4f +¢c=0

i.e. 49 - 4f +c+8=0 ... (7.2)
and 9+16+6g +8f +c=0
i.e. 6g +8f +c+25=0 ... (7.3)

Since the centre (- g, — f) lieson 2x +2y=7.
—29-2f-7=0=29+2f+7=0 (7.4
Solving Egs. (7.2), (7.3) and (7.4), we have

5
=-——,c=-2,f=-1
g 2
" (glj is the centre and radius = %+1+2 =@.

7.2.2 Intersection of a Line and a Circle

To find the condition that the line y = mx + ¢ may intersect the circle

X2

+y%=a%,

The equation of the line is

y=mx+c ...(7.5)

and the equation of the circle is

x2 +y? =a’ ...(7.6)



Circles and Conic Sections

Figure 7.3

A point will lie on the intersection of the line and the circle iff its co-ordinates
satisfy both the Eqgs. (7.5) and (7.6) simultaneously.

Substituting the value of y from Eq. (7.5) into Eq. (7.6), we have

X% + (mx + c)2 =a?
i.e. X2 +m2x% +2me x+c¢® —a’ =0
i.e. @L+m?) x? +2me x + (c® —a%) =0 (1)

This being quadratic in x has two roots, say x; and X .

Line in Eq. (7.5) will meet the circle in Eq. (7.6) iff the roots of Eq. (7.7) are
real

ie. iff 4m?c® —4(1+m?)(c®-a%) =0

ie. iff m?c® —(c® —a®+m%c? -a’m?)>0

ie iff —c?+a2+a?m?>0

i.e. iff a?(l+m?)>c?.

The line in EQ. (7.5) will meet the circle in Eq. (7.6) in two distinct points
iff a%(1+ m?) > c2. The line will meet the circle in one and only one point, i.e.
the line will be a tangent iff a?(1 + m?) =¢? and the line will not meet the circle
iff a1+ m?) <c?.
Corollary 1

Line in Eq. (7.5) is a tangent line to the circle if a®(1+ m?) =c?, i.e.

c=tal+m? i.e. y=mx+a41l+m? arethe equation of tangents to the
circle x% + y2 = a? with slope m.

Generally we write y = mx + a {1+ m? to be the equation of the tangent

with slope m to the circle x? + y2 =a?.

Theorem 1
Find the equation of a tangent at a point P (xq, y;) to the circle
G +y2+2gx+2fy+c:0, g2+ f2-¢c>0
(i)
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Mathematics-| Let Q (x5, yo) be another point on the circle close to the point P (xq, vy).

As P and Q lie on the circle (i)

then
x2 + y2 +2gx + 2fy; +c=0 (D))
X3 + Y3 +2g%y + 2fy, +¢=0 (1))
ie. 06 —x))+ 3 - ¥D) +20 (kg —x) + 2 (Yo — Y1) =0
i.e. (X2 —x) (X2 +X1) + (V2= Y1) (V2 + Y1) + 29 (X2 —Xx1) + 2F (Y2 —y1) =0

= (Y2 =Y [y2 + y1 +2f == (X2 — Xx1) (X2 + X + 20)

Yo—-Y1__ Xp+X+29

=
Xo =X Y2 +y+2f

Y27 W1 s the slope of the line PQandasQ —> P i.e. X, > X1, Yo —> Vp,

X2 =X
then
Y2—Y¥1__ 2x+29 _ X +g
Xo — X1 +2y1+2f y1+f
Slope of the tangent is — 19
Y1 + f
. . X +9g .
Equation of tangent at P (xq, y;) and with slope — o IS
Y1+
XX +9
—y == X — X
y-% v+ f (X = %)

= Y-+ )+ x+9)(x-x%)=0
= XX +yy1+o9x+x)+ f(y+y)+c=0
xZ + yZ + 2gx + 2fy; + ¢ =0 using (ii)
Equation of the tangent is
XX+ YY1+ 09X+ X))+ f(y+y)+c=0

Definition 3

Let P be a point on a given curve C. Then a line through P, perpendicular to
the tangent at P, is called normal to the curve C at P.

Figure 7.4
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Since a circle has a unigue tangent at each point, it will have a unique
normal at each point.

Theorem 2
Find the equation of a normal at P (x;, y;) to the circle
X2 + y2 +2gx+2fy+¢c=0
(i)
The equation of the tangent to the circle (i) is
XX+ YY1+ 9(X+ X))+ f(y+y;))+c=0
or X+ o)X+ (y +fHy+ogxg+ fyp +c=0
Slope of the tangentat P = - 279
Y1 + f

y1+f
X +g

Slope of normal at P is

Equation of the normal at P (xq, y;) to the circle is

+ f
y—Y1=—yl—(X—X1)
X +9

or K+ y-y)=(+f)x=-x)
Corollary 2

Circles and Conic Sections

.. (i)

Centre of the circle x? + y2 + 2gx + 2fy + ¢ =0 is (- g, - f) and the

coordinates of the centre satisfy the equation (ii)

The normal to a circle at any point passes through the centre.

Example 7.4

Find the equations of the tangent to the circle x* + y? =9 which are
parallel to 3x + 4y =0.

Solution

Centre of the circle x? + y2 =9 is (0, 0).

Equation of the line is 3x + 4y =0 i.e. 4 y =— 3 x. The slope of this line is

- % . Hence the slope of any line parallel to the line will be — % .

Equations of the tangents are

y=mxia\/1+m2,

i.e. yz—ixi31}1+i=—§xi§.5
4 16 4 4

i.e. 4y = -3x +£15
i.e. 3x+4y=+%15
Example 7.5

Find the equations of tangent and normal to the circle
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X2 + y2 -2x-10y+1=0
at the point (- 3, 2).
Solution
The equation of the circle is

G +y2—2x—10y+1:0

The equation of the tangent at the point (- 3, 2) to the circle is

>«—$+y@)~EU+03»—%%y+a+1=o

i.e. - 3X+2y-Xx+3-5y-10+1=0
i.e. —4x-3y-6=0
i.e. 4x +3y+6=0

Slope of the tangentat P = - %

Slope of the normal at P =%

Equation of the normal at (- 3, 2) to the circle is

3
-2=—(x+3
y 4( )
or 4y -8 =3x+9
or 3X—-4y +17=0

SAQ 1

(@) Obtain the equation of a circle which passes through the intersection
of the lines 3x — 2y —1=0 and 4x + y — 27 = 0 and whose centre is

the point (2, — 3).

(b) Find the co-ordinates of the centre and radius of the circles
0] x2+y2—8x+10y:0
(i) 4 (x°+y?)+12ax—6ay —a’ =0

(c) Find the equation of the circle which is concentric with

x2 + y2 —8x + 12y + 43 =0 and which passes through (6, 2).

(d) Show that the points (1, — 6), (5, 2), (7, 0), (- 1, — 4) are the vertices
of a cyclic quadrilateral.

(e) Find the equation of the circle which passes through (4, 1) and (6, 5)
and has its centre on the line 4x + y =16.
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SAQ 2
@

(b)
(©)
(d)

(€)

()

Circles and Conic Sections

Find the equation of a circle passing through origin and making
intercepts 4 and 5 on the co-ordinates axis.

Find the equation of the circle circumscribing the A formed by the
lines 3x + 4y = 24 and the axes of x and y.

One end of a diameter of the circle x? + y> —3x +5y -4 =0 is (2, 1).
Find the co-ordinates of the other end.

Find the equation of the circle with centre (1, 1) and which touches
the line x + y =1.

Find the equation of the normal to the circle

x2 +y? + 4x + 6y — 39 = 0 at the point (2, 3). Show that the normal
meets the circle again at the point (— 6, — 9).

Show that the tangents drawn at the points (12, — 5) and (5, 12) to the
circle x? + y2 =169 are perpendicular to each other.

7.3 CONIC SECTION

Definition 4

A conic is the locus of a point which moves so that its distance from a fixed
point is in a constant ratio to its distance from a fixed straight line.

Definition 5
The fixed point is called the focus and is denoted by S.

The constant ratio is called the eccentricity and is denoted by e.

The fixed straight line is called the directrix.

Types of Conic

There are three types of conics.

(1) Parabola If e the eccentricity is = 1.
(i)  Ellipse If e the eccentricity is < 1.
(iii) Hyperbola If e the eccentricity is > 1.

Physical Interpretation
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The section of a double cone with common vertex cut by a plane is known
as conic section. The shape of the conic section depends upon the position
of the plane.

(i) Ifthe plane is parallel to the base, the section is the circle.
(i)  If the plane is inclined to the base, the section is ellipse.

(iii) If the plane is inclined to the base and cuts the base, the section is
parabola.

(iv) If the plane is parallel to the axis of the cone, the section is hyperbola.
(v) If the plane contains the axis of the cone, the section is a pair of lines.
Equation of Conics in Standard Form

7.3.1 Parabola

A parabola is the locus of a point which moves so that its distance from a fixed
point is equal to its distance from a fixed line.

Let S be the focus and ZM the directrix of the parabola. Let P be a point on the
parabola. Draw PM 1 ZM .

. SP=PM
From S draw SZ 1 ZM . Bisect SZ at A.
ie. SA=AZ.

Then A lies on the parabola. Let SZ = 2a, then AS=AZ = a.
Take A as origin, AS as the x-axis and Ay L to it as the y-axis.

Figure 7.5
Then the co-ordinates of S are (a, 0) and PM = SP.

ie. Jx—a)2 + (y—0)2 = PM = ZA + AS

=a+ X
i.e. x2—2ax+a2+y2:x2+2ax+a2
i.e. y? = dax

This is the equation of the parabola in the Standard Form.



Note
(i) Focusis S =(a,0)
(i) Directrixis x=—a i.e. x+a=0
(iii) Vertex isAand A= (0, 0).
(iv) AS acalled the axis of the parabola and ASisy =0.
(v) LL' is called the latus-rectum.
LetSL =1
Then L= (a,l) and L lies on the parabola

. 1?=4axa
i.e. | =v4a? =+ 2a
As | is positive . | =2a

Hence latus-rectum = LL" =2(LS) = 4a.

Figure 7.6
Other Shapes of the Parabolas
Find the equation of a parabola with
(i) focus S(-a,0),a>0 and the line x —a =0 as directrix.

(i) focus S(0, a), a>0 and the line y + a=0 as directrix.
(iii) focus S =(0,-a),a >0 and the line y —a =0 as directrix.
(i)  Let P(x, y) be any point on the parabola.

Then |PS| =|PM| where PM is the length of the perpendicular drawn
from P on the directrix,

. X—a

l.e. \/(x+a)2 +(y—0)2 =¥

i.e. (x + a)2 + y2 =(x - a)2

i.e. x2 +2ax + a2 + y? = x% — 2ax + a°

i.e. y2 =—4dax;a>0

Sometimes it is called left hand parabola.

Circles and Conic Sections

147



Mathematics-1

148

(i)  Proceed as above. It will be found that the equation of the parabola is
X2 = day; a>0.

(i) In this case the equation of the parabola is x*> = —4ay; a>0.

Table 7.1 : Main Facts about the Parabola

Equation y? = 4ax y? = — 4ax x? = day y? = — day
a>0 a>0 a>0 a>0
Axis y=0 y=0 x=0 x=0
Directrix X=-—a X=a y=-a y=a
Focus (a,0) (-a,0) (0,a) 0, -a)
Vertex (0, 0) (0, 0) 0,0) (0,0)
Length of 4a 4a 4a 4a
Latus-Rectum
Equation of Latus- X=a X=—a y=a y=—a
Rectum
Focal distance of X+a a-X y+a a-y
the point (x, y)

Example 7.6

Find the equation of the parabola whose focus is (3, 0) and the directrix is
3x+4y=1.

Solution
Let P(x, y) be any point on the parabola. Then distance of P from (3, 0) is

Distance of P(x, y) from the line 3x + 4y —1=0 is
3x+4y -1 3x+4y-1
/32 + 42 5

Equation of the parabola is

1'()(_3)2 + y2 :w

5

or 25[x% — 6X + 9 + y?] = (3x + 4y — 1)?
=9x% +16y? + 1+ 24xy — 6X — 8y
ie. 16x% + 9y — 24xy —144x + 8y + 224 =0

Example 7.7

Find the vertex, focus and directerix of the parabola
4y +12x -12y +39=0.

Solution

The equation can be written as 4y? —12y = —12x — 39



2 39

~3y=-3x->2

y y 4
3)? 39 9
y——| ==3X-——+—
2 4 4

——3x—E

2

write Y =y —E X =X+ g , the equation can be writtenas Y2 = -3 X .

With respectto Y? = — 4 [% Xj

SAQ 3
(@)

(b)

(©)

Vertex is (—g gj {. Vertexis (0, 0)}
Focus is [——3 EJ {.- Focus is [—% 0)}

. - 7 . - 3
Directrix is x = - " {- Directrix is X :Z}

Find the equation of a parabola with

(i) Focusis (1, 1) and the directrix is x + y +1=0.
(i)  Focus is (0, — 3) and the vertex is (0, 0).

(i) Focus s (a, 0) and the vertex is (a’, 0).

Find focus, vertex, length of latus rectum, equation of the directrix of
the following parabolas :

() y2=-4x

(i) 3x°=8y

Find the vertex, focus and directrix of the parabola
(i) (+3%=2(x+2)

(i) y?=4x+4y

(iii) X% +y=9x-14

(iv) 3x%>+12x-8y=0

Circles and Conic Sections
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7.3.2 Ellipse
Definition 6

Ellipse is the locus of a point which moves so that its distance from a fixed
point is in a constant ratio (less than one) to its distance from a fixed
straight line.

Standard Equation
Let S be the focus and ZM the directrix.

Figure 7.7
Let P be the point on the ellipse and PM L ZM , then

SP_

PM
Draw Sz 1 ZM . Divide SZ internally and externally at A and A”in the ratio
of e : 1 so that

SA e SA e

AZ 1'AZ 1
ie. SA—e AZ ()
SA = A'Z .. (i)

Bisect AA"at C. Let AA'=2a.
Then AC=CA'=a
Let C be the origin and CA as x-axis,
Cy L toitas y-axis.
Adding (i) and (ii) we have
SA+ SA =e[AZ + A'Z]
(CA-CS) + (CS + CA') =e[(CZ — CA) + (CA" + C2)]
2a=e.2.CZ {. CA=CA' =a}

i.e. czzg ... (iii)



Subtracting (ii) from (i) we have Circles and Conic Sections

SA'—SA=e[A'Z - AZ]

ie. (CS + CA") — (CA—CS) = e [(CA’ + CZ) — (CZ - CA)]
i.e. 2CS =e[2CA] as CA'=CA

i.e. CS =ae

(iv)

.. Co-ordinates of S and Z are (ae, 0) and (%, 0) respectively.

Let P be (x, y), then

2
(x—ae)2+(y—0)2=e2 (%—x)

2
i.e. x2 — 2aex + a%e? + y? =e2(a—2—@+x2J
e €
i.e. x2 (1-e?)+y?=a% (1-¢?)
2 2
. X y
i.e. =
a? a2(1 - e2)
2 2
i.e. X—2+y—2=1 where b® =a® (1-e?)
a b
This is the standard equation of the ellipse.
B lies on the y-axis .. x-coordinate of B is zero. Suppose B = (0, h) .
Then as B lies on the ellipse
2
9D e n2-p?ie h-tb
a® a

- B=(0,b) and B’ = (0, - b)
Points to Note
(i) Aand A’ are called vertices.
(i) AA’ is called the major axis.
(iii) BB’ is called the minor axis.

(iv) Ciis called the centre.

(v)  LSL’ is called the latus rectum and the length of the latus
rectum can be found as follows.

Let L =(ae, 1)

L lies on the ellipse
2.2 |2 2
% |2=1, ie. |—2=1—e2
a b b

ie. 12 =p? (1-e?)

ie. | =b1-e?
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(vi)

(vii)

Theorem 3

2
UJ=2bﬁl—e2=gE—asa 1-e2 =p
a

It is symmetrical about x as well as y-axis.

A=(a,0) and A" =(-a, 0) and 2a s called the length of the

major axis.

B=(0,b), B'=(0, - b) and BB' = 2b is the length of the minor

axis.

Since ﬁ + y—2
22 p2

=1 represents ellipse with focus S(ae, 0),

directrix x — & = 0and as the ellipse is symmetrical about y-axis.
e

It follows that the ellipse with focus S(- ae, 0) and x + % =0 as

directrix and e as eccentricity coincide with the given ellipse,
2 2
i.e. the ellipse X—2 + Z—Z =1 has two focii (ae, o) and (- ae, 0)
a

and the two corresponding directrices are x — % =0 and

a
X+—=0.
e

The sum of the focal distances of any point on an ellipse is constant and is
equal to the length of the major axis.

i.e.

SP+SP=2a

Figure 7.8

Let P(x, y) be any point on the ellipse. Join SP, S'P. From P draw
PM LonZM, PM' Lon ZM' and PN L on the x-axis. Then

spzePM:eZN:e(CZ-CN):eE-xJ:a—ex 0

S'P=ePM'=eNZ'=e(CZ’+CN)=e(E+x)=a+ex . (ii)
e

Adding (i) and (ii) we have
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SP+SP=a —ex+a+ex=2a Circles and Conic Sections
Example 7.8
Find the equation of an ellipse whose focus is (1, 0), the directrix is

x +y +1=0 and eccentricity is equal to 1 :

V2
Solution

Let P(x, y) be any point on the ellipse.

2 2
_1)2 o2 o L) [ xty+l
Then xX-D°+(y-0) (\/EJ { M :l

2, .2
ie. x2—2x+1+y2:£ XS+ Yy +2xy +2x+ 2y +1
2 2
i.e. 42 —8X+4+4y? =x% + y? + 2xy + 2x + 2y +1
ie. 3x% — 2xy + 3y% —10x — 2y +3=0
Example 7.9

Find the centre, the length of the axes, eccentricity and foci of the ellipse

X2 +2y2 -2x+12y +10=0

Solution
x2+2y2—2x+12y+10:0
(X2 —2x+1) +2(y> +6y+9)=-10+19
x-1%+2(y+3)2%=9
2 2
ie. =D, 49",
9 9
2
12 2
i (X321) +(y+3)2 1
3
&)
2 2
i.e. X—2+ Y > =1
" (&
V2
where X=x-1,Y=y+3
Now b2=%=a2(1—e2)=9(1—e2)
or %=9(1—e2)

- _ 2_&
l.e. l-e =5 153
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i.e e2-1-1_1
2
i.e e= 1
Now
Equation X2 y? 1 (x-1)% (y+3)? 4
PRV 7 2
T &
72 2
Centre 0, 0) 1,-3)
Length of major axis 6 6
Length of minor axis 3.2 3.2
Eccentricity 1 1
2 72
Foci 3
(iE,O) (J_r§+1,—3)

SAQ 4

(@) Find the equation of the ellipse

(i)  whose centre is (1, 2), the directrix is 3x + 4y =5 and

eccentricity = % :

(i) whose foci are (+ 2, 0) and eccentricity is = %

(iif) whose centre is (2, — 3), one focus is (3, — 3) and one vertex

is (4, - 3).

(iv) whose axis are the axes of co-ordinates and which passes

through the points (- 3, 1) and (2, — 2).

(b) Find the eccentricity, foci, length of the latus rectum of the ellipse

(i) 3x?+4y? —12x -8y +4=0

(i)  25x% +16y?% =400

(c) Find the centre, the length of the axes, eccentricity and the foci of the

ellipse

(i) X?+4y? —4x+24y+31=0

(i) 4x>+y?-8x+2y+1=0
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7.3.3 Hyperbola
Definition 7

A hyperbola is the locus of a point, which moves so that its distance from a
fixed point is in a constant ratio (greater than one) of its distance from a
fixed line.

The Standard Equation of a Hyperbola
Let S be the focus, ZM be the directrix.
Let P(x, y) be a point on the hyperbola and PM 1L ZM .

Then SP e
PM
Draw SZ 1 ZM and divide SZ internally and externally at A and A" in the
ratioof e : 1.
Figure 7.9

SA_e SN e

AZ 1 AZ 1
(i)

Bisect AA" at C. Let AA' =2a,
then CA=CA'=a
Let C be the origin, CA as the x-axis and CY L CA as the y-axis.

From (i) we have
SA+SA' =e (AZ + A'Z)
(CS —CA) + (CS + CA) =e [(CA—CZ) + (CZ + CA)]

2CS =2eCA
CS=eCA
- S=(ae, 0)
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Mathematics-| Again from (i) we have
SA'— SA=e(A'Z — AZ)
(CS + CA') — (CS — CA) = e [(CZ + CA) — (CA — CZ)]

2CA=e.2CZ
i.e. cz=2
e
. Z 5(3, oJ
e
Now (SP)? =% (PM)?
2)2
i.e. (x —ae)? + (y - 0)? =¢? (x——j
e
i.e. x? — 2aex + a%e? + y2 = e2x% — 2aex + a?
or G (e2 -1 - y2 =a? (e2 -1
2 2
or Rt
a a“ (ec -1
2 2
or X Y _1 where b?=a’(®-1)
a? b?

This is the standard equation of the hyperbola.
Some Facts about the Hyperbola

(1)  Itis symmetric about x-axis. x-axis is called the transverse axis and 2a
is the length of the transverse axis.

(i) It is symmetric about y-axis, y-axis does not meet the curve. The line
containing B’ (0, —b) and B (0, b), i.e. y-axis is called the conjugate
axis and is of length 2b, called the length of the conjugate axis.

(iii) It is symmetric about origin, so O (0, 0) is called the center.
(iv) The points A" (- a, 0) and A (a, 0) are called the vertices.

2 2
(v) Since X—2 — y_2 =1 represents hyperbola with Focus (ae, 0) and
a

directrix x - 2 =0 and eccentricity e, and hyperbola is symmetric
e

about y-axis it follows that the hyperbola with Focus F’ (- ae, 0),
directrix x + & =0 and eccentricity e coincides with the given
e

hyperbola. Thus the hyperbola has two foci and two directrixes.

(vi) A chord passing through focus F (or F) and perpendicular to

transverse axis is called a latus rectum and its length as the length of
the latus rectum.
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(vii) Length of latus rectum. Let L'L be a latus rectum of the hyperbola,
then L'L passes through F(ae, 0) and is L to the x-axis. Let

[FL|=1>0,then L=(ae,l) L'=(-ae, -1).

_ _ X2 y2
Since L lies on the hyperbola — — 5 =1
a b

2.2 2 2
a b b
= 12=p%2(@©%-1) = l=bye?-1 - 1>0

2 2
L= [ae, b—} L' = [ae, i]
a a
2b?

and length of the latus rectum is 21 = —.
a

(viii) There are two latra-recta and the extremities of latra recta are

2 2
Ls(ae,b—], L’E[ae,iJ

a a

b® —p?
Ly=|—ae,— | Li=|—-ae, —

(ix) The distances of any points on the hyperbola from the two foci are
called focal distances of the point.

(X) The difference of the focal distances of a point on a hyperbola is
constant and equal to 2a.

Let S, St be the foci, ZM and z'M" be the corresponding directrix and

P(x, y) be any point on the hyperbola. Join SP, S'P.
Draw PM'and PM L onZM and Z'M' respectively.

SP=¢e PM =eZN=e[x—EJ=ex—a
e

S’P:ePM’:eZ’N=e(x+EJ=ex+a . (ii)
e

Figure 7.10
On subtracting (i) and (ii) we have

Circles and Conic Sections
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Mathematics-1 SP-SP=(ex+a)—(ex—a)
ie. SP-SP=2a
Example 7.10

Find the equation of hyperbola whose directrix is 2x + y =1, focus (1, 2)
and eccentricity /3.

Solution
Let P(x, y) be any point on the hyperbola.
Then PM L on the directrix is

2x+y-1

V22

2
(= D2 4 (y—2)% =¢? (M]

AA+1
i.e. 5[x2 —2x +1+ y% — 4y + 4] =e? [4x% + y? + 1+ 4xy — 4x — 2V]
ie. 7x% +12xy - 2y%2 —2x +14y - 22 =0
SAQ 5
(@) Find the equation of the hyperbola
(1)  whose vertices are (0, 0), (10, 0) and one of foci is (18, 0).
(i) the distance between foci is 16, and whose eccentricity is v/2 .
(i) whose directrix is x + y —1=0, focus is (0, 3) and eccentricity
Is 2.
(b) Find the eccentricity and the co-ordinates of the foci of the hyperbola
(i) 3x*-y®=4

(i) x>-y?+4x=0

7.4 SUMMARY

(i)  Equation of a circle is (x — h)? + (y — k)? = r? and a line intersects the
circle in two points (They can be distinct, same or imaginary i.e. does
not exist).
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H : Circl d Conic Secti
(i) y? =+ 4axor x® = + 4ay are general equations of a parabola. Hreles and ol Sections

2 2

(iii) X—2 + Z—Z = 1is the equation of the ellipse where b? =a? (1-e?).
a
; X? y2 ; ; 2 _ 2.2
(iv) —- o7 =1is the equation of the hyperbola where b“ =a“ (e“ -1).
a
(v) Main Facts about the Parabola
Equation y? = dax y? = — dax x? = day x% = — day
Right-hand | Left-hand Upward Downward
(a>0) (a>0) (a>0) (a>0)
AXis y=0 y=0 x=0 x=0
Directrix X=-a X=a y=-a y=a
Focus (a 0) (-a,0) 0, a) 0,-a)
Vertex (0,0 0, 0) 0, 0) (0,0)
Tangent at the x=0 x=0 y=0 y=0
vertex
Length of latus 4a 4a 4a 4a
rectum
Equation of X=a X=-a y=a y=-a
latus-spectrum
Focal distance X+a a—Xx y+a a-y
of the point
x,y)
(vi) Main Facts about the Ellipse
Equation 2 2 2 2
q X—2+y—2=1,a>b>0 X—2+y—2=1,a>b>0
a b b a
Equation of Major axis y=0 x=0
Length of Major axis 2a 2a
Equation of Minor axis x=0 y=0
Length of Minor axis 2b 2Db
Vertices (£a,0),(0,£ b) (£b,0), (0, £ a)
Foci (+ ae, 0) 0+ ae)
Directrices N y= L a
e e
Equations of Latera recta X=+ae y=+ae
Length of a latus rectum 2 p? 2 2
“a “a
Centre 0, 0) 0, 0)
Focal distances of any a—ex, a+ex a—ey,a+ey 159
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point (x, y)

(vii) Main Facts about the Hyperbola
Equation 2 2 2 2
d - Y=tas0bs0 | L - X -1a50b>0
a b a b

Equation of Transverse y=0 x=0
axis
Length of Transverse axis 2a 2a
Equation of Conjugate x=0 y=0
axis
Length of Conjugate axis 2b 2b
Vertices (x4, 0) 0, + a)
Foci (= ae 0) (0,+ ae)
Directrices (12 y=+ a

e e
Centre 0, 0) 0,0)
Equation of Latera-recta X=tae y=tae
Length of a latus rectum 2 2 2 2

a a

7.5 ANSWERS TO SAQs

SAQ1

(@ (x-2)2%+(y+3)?=109

() (@) (4-5),41

w (23

() x?+y?-8x+12y-16=0

() x?+y?>-6x-8y+15=0
SAQ 2

(@ x°+y%2-4x-5y=0

(b) x?+y?-8x—6y=0

© (-6)

(d) 2(x2+y2)—4x—4y+3=0




(€)
SAQ 3

(@)

(b)

(©)

SAQ 4
(@)

(b)

(©

SAQ5

(@)

(b)

3x-2y=0

(i) x>-2xy+y2-6x-6y+3=0
(i) x?=-12y

(iiil) y’=-4(@ -a)(x-a)

(1) Focus (-1, 0), vertex (0, 0), latus rectum = 4, directrix x -1=0.

(1) Focus (0, %j , vertex (0, 0), latus rectum =§, directrix

3y+2=0.
i : 3 )
M (2-3 (-5,_3} -
(i) (-1,2); (0,2); x=-2

(i) (EEJ 2x-9=0 or (QGJ 2y -13=0
2 4 2

(iv) (—z,—gj; (—z,—gj; X4220

(i)  91x? +84y? — 24xy —170x — 360y + 475 =0
2 2

L XSy

n —+=—-=1

W %=

(iii) 3x% + 4y —12x+24y +36=0

(iv) 3x% +5y% =32

OREENCENCEE

(ii) gwaiaﬁ§

(i) (Z—@,&3,i§[%ij§,—%
2 2

(i) @-1, g L +3-1),1

N x-5% y*

) 25 144

(i) x?-y?=32

(i) X?+4xy+y2 —4x+2y-7=0

(i) Z(ii%O)

Circles and Conic Sections
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Mathematics-1 (i) 2,(-2%242,0)
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