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3.1 INTRODUCTION 

So far we have concentrated only on that part of calculus which is based on the 
operation of the derivative, namely, differential calculus. The second major 
operation of the calculus is integral calculus. The name integral calculus 
originated in the process of summation, and the word integrate literally means 
find the sum of. Historically, the subject arose in connection with the 
determination of areas of plane regions. But in the seventeenth century it was 
realized that integration can also be viewed as the inverse of differentiation. 
Integral calculus consists in developing methods for the determination of integrals 
of any given function. 

The relationship between the derivative and the integral of a function is so 
important that mathematicians have labelled the theorem that describes the 
relationship as the Fundamental Theorem of Integral Calculus. 

In this unit, we shall introduce the notions of antiderivatives, indefinite integral 
and various methods and techniques of integration. The next unit will cover 
definite integrals which can be evaluated using these methods. 

Objectives 
After studying this unit, you should be able to 

• compute the antiderivative of a given function, 

• define the indefinite integral of a function, 

• evaluate certain standard integrals by finding the antiderivatives of 
the integrals, 
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• compute integrals of various elementary and trigonometric functions, 

• integrate rational functions of a variable by using the method of 
partial fractions, and 

• evaluate the integrals of some specified types of irrational functions. 

3.2 ANTIDERIVATIVES 

So far, we have been occupied with the ‘derivative problem’ that is, the problem 
of finding the derivative of a given function. Some of the important applications 
of the calculus lead to the inverse problem, namely, given the derivative of a 
function, is it possible to find the function? This process is called 
antidifferentiation and the result of antidifferentiation is called an 
antiderivative. The importance of the antiderivative results partly from the fact 
that scientific laws often specify the rates of change of quantities. The quantities 
themselves are then found by antidifferentiation. 

To get started, suppose we are given that f  ′ (x) = 9, can we find f (x)? It is easy to 
see that one such function f is given by f (x) = 9x, since the derivative of 9x is 9. 

Before making any definite decision, consider the functions 

   39,109,49 +−+ xxx  

Each of these functions has 9 as its derivative. Thus, not only can f (x) be 9x, but 
it can also be 39,10949 or +−+ xxx . Not enough information is given to help 
us determine which is the correct answer. 

Let us look at each of these possible functions a bit more carefully. We notice that 
each of these functions differs from another only by a constant. Therefore, we can 
say that if f  ′ (x) = 9, then f (x) must be of the form f (x) = 9x + c, where c is a 
constant. We call 9x + c the antiderivative of 9. 

More generally, we have the following definition. 

Definition 1 

Suppose f is a given function. Then a function F is called an antiderivative 
of f, if xxfxF ∀=′ )()( . 

We now state an important theorem without giving its proof. 

Theorem 1 

If F1 and F2 are two antiderivatives of the same function, then F1 and 
F2 differ by a constant, that is 

   cxFxF += )()( 21  

Remark 

From above Theorem, it follows that we can find all the antiderivatives of a 
given function, once we know one antiderivative of it. For instance, in the 
above example, since one antiderivative of 9 is 9x, all antiderivative of 9 
have the form 9x + c, where c is a constant. Let us do one example. 
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Find all the antiderivatives of 4x. 

Solution 

We have to look for a function F such that xxF 4)( =′ . Now, an 
antiderivative of 4x is 2x2. Thus, by Theorem 3.1, all antiderivatives of 4x 
are given by 2x2 + c, where c is a constant. 

SAQ 1  
 

Find all the antiderivatives of each of the following function 

(i) f (x) = 10x 

(ii) f (x) = 11x10 

(iii) f (x) = − 5x 

 

 

 

 

 

 

 

3.3 BASIC DEFINITIONS 

We have seen, that the antiderivative of a function is not unique. More precisely, 
we have seen that if a function F is an antiderivative of a function f, then F + c is 
also an antiderivative of f, where c is any arbitrary constant. Now we shall 
introduce a notation here : we shall use the symbol  to denote the class 

of all antiderivatives of f. We call it the indefinite integral or just the integral of f. 
Thus, if F (x) is an antiderivative of f (x), then we can write . 

dxxf )(∫

cxFdxxf +=∫ )()(

This c is called the constant of integration. The function f (x) is called the 
integrand, f (x) dx is called the element of integration and the symbol ∫ stands for 
the integral sign. 

The indefinite integral  is a class of functions which differ from one 

another by constant. It is not a definite number; it is not even a definite function. 
We say that the indefinite integral is unique up to an arbitrary constant. 

dxxf )(∫

Thus, having defined an indefinite integral, let us get acquainted with the various 
techniques for evaluating integrals. 

3.3.1 Standard Integrals 
We give below some elementary standard integrals which can be obtained 
directly from our knowledge of derivatives. 

Table 3.1 
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 Sl. No. Function Integral 

1 xn

1,
1

1
−≠+

+

+
nc

n
xn

 

2 sin x − cos x + c 

3 cos x sin x + c 

4 sec2 x tan x + c 

5 cosec2 x − cot x + c 

6 sec x tan x sec x + c 

7 cosec x cot x − cosec x + c 

8 
21

1

x−
 cxcx +−+ −− 11 cosorsin  

9 
21

1
x+

 cxcx +−+ −− 11 cotortan  

10 

1

1
2 −xx

 cxcx +−+ −− 11 cosecorsec

11 
x
1  

ln | x | + c 

12 ex ex + c 

13 ax

c
a

a x
+

||ln
 

Now let us see how to evaluate some functions which are linear combination of 
the functions listed in Table 3.1. 

3.3.2 Algebra of Integrals 
You are familiar with the rule for differential which says 

  ])([])([])()([ xg
dx
dbxf

dx
daxgbxfa

dx
d

+=+  

There is a similar rule for integration : 
Rule 1 

   dxxgbdxxfadxxgbxfa )()(])()([ ∫∫∫ +=+

This rule follows from the two theorems. 
Theorem 2 

If f is an integrable function, then so is K f (x) and 
. dxxfKdxxfK )()( ∫∫ =

Proof 

Let  cxFdxxf +=∫ )()(
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Then by definition, )(])([ xfcxF
dx
d

=+  

∴   )(}])({[ xfKcxFK
dx
d

=+  

Again, by definition, we have 

    dxxfKcxFKdxxfK )(])([)( ∫∫ =+=

Theorem 3 
If f and g are two integrable functions, then f + g is integrable, and we 
have . dxxgdxxfdxxgxf )()()]()([ ∫∫∫ +=+

Proof 

Let   1)()(,)()( cxGdxxgcxFdxxf +=+= ∫∫
Then  )()(}])({})([{ 1 xgxfcxGcxF

dx
d

+=+++  

Thus,   ])([])([])()([ 1cxGcxFdxxgxf +++=+∫
           dxxgdxxf )()( ∫∫ +=

Rule (1) may be extended to include a finite number of functions, that is, we 
can write 

Rule 2 

dxxfKxfKxfK nn )](...)()([ 2211 +++∫  

   dxxfKdxxfKdxxfK nn )(...)()( 2211 ∫∫∫ +++=

We can make use of Rule (2) to evaluate certain integrals which are not 
listed in Table 3.1. 

 
 

Example 3.2 

Let us evaluate  dxexx x )4sin342( +++∫
    dxedxxdxxdx x∫∫∫∫ +++= 4sin342

    cexxx x ++−+= 4cos322 2

 
 

Example 3.3 

Suppose we want to evaluate dx
xx
x 2)1( −

∫  

Thus,  dx
xx
x 2)1( −

∫  

   dx

x

xx

2
3

221 +−
= ∫  
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    dxxdxxdxx 2

1
2
1

2
3

2 ∫∫∫ +−=
−−

 

   cxxx ++−−=
−

2
3

2
1

2
1

3
242  

And now some exercises for you. 

 SAQ 2 
 

Write down the integrals of the following using Table 3.1 and Rule 2 

(i) (a) x8  (b) 2
5

−
x  (c) 4x– 2 (d) 9 

(ii) (a)   (b) 12 −− xx x
x

31
−   (c) 

21
⎟
⎠
⎞

⎜
⎝
⎛ −

x
x  

(iii) (a)  (b)  (c)  4++ − xx ee xexx x ++− sin3cos4 xex x 8hsec4 2 −+

(iv) (a) 
xx

5

1

2
2
+

−
 (b) 

1
52

2

2

+
+

x
x  

(v) (a)  (b) dcxbxax +++ 23
2

1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

x
x  

(vi) (a) 
xx
xx

22

44

cossin
cossin +  (b) )3()2( xx −+  

 

 

 

 

3.4 METHODS OF INTEGRATION 

We have seen in Section 3.3 that the decomposition of an integrand into the sum 
of a number of integrands, with known integrals, is itself an important method of 
integration. 

We now give two general methods of integration, namely, 

(i) Integration by substitution, 

(ii) Integration by parts. 

The method of substitution consists in expressing the integral  in terms 

of another simpler integral, , say where the variables x and t are 

connected by some suitable relation 

dxxf )(∫
dttF )(∫

)(tx φ= . 

The method of integration by parts enables one to express the given integral of a 
product of two functions in terms of another, whose integration may be simpler. 
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Consider the following integral 

         . . . (1) dxxgxgf )(])([ ′′∫
Since   ])([ xgf

dx
d )(])([ xgxgf ′′=  (by Chain rule) 

∴    dxxgxgf )(])([ ′′∫
    cxgf += ])([

In Eq. (1), if we substitute g (x) = t 

Then   
dx
dtxg =′ )(  

i.e.    dtdxxg =′ )(

Hence    dxxgxgf )(])([ ′′

    dttf )(′=

∴    dxxgxgf )(])([ ′′∫
    dttf )(′= ∫
    ctf += )(

    cxgf += ])([

Let us now illustrate this technique with examples. 
 

 Example 3.4 

Find  dxxx 2)1( 32 +∫
Solution 

Let       12 += xt

    dxxdt 2=

Therefore,  dxxx 2)1( 32 +∫
        dtt3∫=

       ct
+=

4

4
 

Thus,   dxxx 2)1( 32 +∫
       cx ++= 42 )1(

4
1 , since  12 += xt

 
 

Example 3.5 

Find . dxex x43∫
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Let     4xt =

Then   dxxdt 34=

Therefore,  dxex x43∫

       dxex x434
4
1
∫=  

       dtet∫=
4
1  

       [ ]cet +=
4
1  

       ⎥⎦
⎤

⎢⎣
⎡ += cex4

4
1  

 
Some Typical Examples of Substitution 

We now consider the integral , where the integrand f (x) is in 

some typical form and the integral can be obtained easily by the method of 
substitution. 

dxxf )(∫

Various forms of integral can be obtained easily by the method of 
substitution. Various forms of integrals considered are as follows : 

(a)  dxbaxf )( +∫
To integrate tbaxbaxf =++ put,)(  

Therefore  dt
a

dxdtdxa 1or ==  

Thus  dttf
a

dxbaxf )(1)( ∫∫ =+  

which can be evaluated, once the right hand side is known, for 
example, to find , we put  and dxbax )(cos +∫ tbax =+

dt
a

dxdtdxa 1or == . 

Then ct
a

dtt
a

dxbax +==+ ∫∫ sin1cos1)(cos  

or  cbax
a

dxbax ++=+∫ )(sin1)(cos  

Similarly, we have the following results 

  1,
)1(
)()(

1
−≠+

+
+

=+
+

∫ nc
an

baxdxbax
n

n  

  cbax
a

dx
bax

++=
+∫ )(ln11  
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  ce
a

dxe baxbax += ++∫
1  

  cbax
a

dxbax ++=+∫ )(tan1)(sec2  etc. 

You can make direct use of the above results in solving exercises. 

(b)  dxxxf nn 1)( −∫
To integrate , we let . 1)( −nn xxf txn =

Then  dtdxnxn =−1

and dttf
n

dxxxf nn )(1)( 1 ∫∫ =−  

which can be found out once the right hand side is known. 

For example, to find , put ; then , that 

is 

dxxx 32 sin∫ tx =3 dtdxx =23

dtdxx
3
12 = . 

Then,  dxxx 32 sin∫

  dttsin
3
1
∫=  

  ct +−= cos
3
1  

  cx +−= 3cos
3
1  

(c)  1,)}({ −≠′∫ ndxxfxf n )(

Putting f (x) = t; we see that dtdxxf =′ )(  and 

  c
n
tdttdxxfxf

n
nn +

+
==′

+

∫∫ 1
)(})({

1
 

          c
n
xf n

+
+

=
+

1
})({ 1

 

For example,  xdxx sincos2∫
  , where t = cos x (and hence – dt = sin x dx) dtt 2∫−=

Therefore,      xdxx sincos2∫

  ct +−= 3

3
1  

  cx +−= 3)(cos
3
1  

(d) dx
xf
xf
)(
)(

 
′

∫  
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and cxfct
t
dtdx

x f
xf

+=+==
′

∫ |)(|ln||ln
)(
)(  

i.e. the integral of a function in which the numerator is the differential 
co-efficient of the denominator, is equal to the logarithm of the 
denominator (plus a constant). 

For example, applying this result, we have 

  xcdx
x 
xdx

x
x cosln

cos
)sin(

cos
sin

−=
−

−= ∫∫  

Since f (x) = cos x, in this case. 

Therefore,  |cos|lntan xcdxx −=∫
Similarly, you can obtain the following integrals 

   cxdxx +=∫ |sin|lncot

   cxxdxx ++=∫ |)tan(sec|lnsec

  cxdxx +⎟
⎠
⎞

⎜
⎝
⎛=∫ 2

tanlncosec  

Remember that logarithm of a quantity exists only when the quantity 
is positive. Thus, while making use of these formulas, make sure that 
the integrand to be integrated is positive in the domain under 
consideration. 

(e)  dxxaf )( 22 ±∫
Under this category we now give some results obtained by putting  
x = a t; and hence dx = a dt. 

  c
a
x

axa
dx

+⎟
⎠
⎞

⎜
⎝
⎛=

+
−∫ 1

22 tan1  

  c
a
x

xa

dx
+⎟

⎠
⎞

⎜
⎝
⎛=

−

−∫ 1
22

sin  

  c
a
x

aaxx

dx
+⎟

⎠
⎞

⎜
⎝
⎛=

−

−∫ 1
22

sec1  

  c
a

xax

xa

dx
+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ ++
=

+
∫

22

22
ln  

We usually use all these integrals given under (A) – (E) directly 
whenever required without actually proving them. Sometimes it may 
happen that two or more substitutions have to be used in succession. 
We now illustrate this point with the help of the following example. 
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Calculate 

(i) dx
x
x

21
2
+∫  

(ii)  dxxx 23 cossin∫
Solution 

(i) dx
x
x

21
2
+∫  

Put 1 + x2 = t 

Then 2 x dx = dt 

∴  dt
t

dx
x
x 1

1
2

2 ∫∫ =
+

 

  = ln t + c 
  = ln (1 + x2) + c 

(ii)  dxxx 23 cossin∫
   dxxxx sincossin 22∫=

   dxxxx sin)cos1(cos 22 −= ∫
Put cos x = t 

Then − sin x dx = dt 

∴    dxxx 23 cossin∫ dttt )1( 22 −−= ∫
   dttt )( 42 −−= ∫

  ctt
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−=

53

53
 

  ctt
+−=

35

35
 

  cxx
+−=

3
)cos(

5
)cos( 35

 

 
So far we have developed the method of integration by substitution, by turning 
the chain rule into an integration formula. Let us do the same for the product rule. 
We know that the derivative of the product of two functions f (x) and g (x) is 
given by 

Example 3.6 

  )()()()()]()([ xgxfxfxgxgxf
dx
d ′+′= , 

where the dashes denotes differentiation w. r. t. x. Corresponding to this formula, 
we have a rule called integration by parts. 
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Let us now discuss the method of integration by parts in detail. We begin by 
taking two functions f (x) and g (x). Let G (x) be an antiderivative of g (x), that is, 

   )()()()( or xgxGxGdxxg =′=∫
Then, by the product rule for differentiation, we have 

 )()()()()()()()()]()([ xGxfxgxfxGxfxGxfxGxf
dx
d ′+=′+′=  

Integrating both sides, we get 

   dxxGxfdxxgxfxGxf )()()()()()( ′+= ∫∫
or   dxxGxfxGxfdxxgxf )()()()()()( ′−= ∫∫
Thus,   . . . (3.1) dxdxxgxfdxxgxfdxxgxf })({)()()()()( ∫∫∫∫ ′−=

The integration done by using the Eq. (3.1) is called integration by parts. In other 
words, it can be stated as follows : 

The integral of the product of two functions 

 = first function × integral of the second function 

 − integral of (differential coefficient of the first × integral of the 
   second). 

We now illustrate this method through some examples. 

 

 

Integrate x ex with respect to x. 

Solution 

We use integration by parts. 

Step 1 

Take . xexgxxf == )()( and

Then  xx edxexf ==′ ∫and1)(

Step 2 

By formula (3.1) we have 

   cdxeexdxex xxx +−= ∫∫ .1

or   ceexdxex xxx +−=∫
 

Sometimes we need to integrate by parts more than once. We now illustrate it 
through the following example. 

Example 3.7 
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   dxxx cos2∫
Solution 

   dxdxxxdxxxdxxx }cos{2coscos 22 ∫∫∫∫ −=

                        . . . (3.2) 1
2 sin2sin cdxxxxx +−= ∫

where c1 is a constant of integration. 

Integrating , again by parts, we get dxxx sin∫
   dxdxxdxxxdxxx }sin{1sinsin ∫∫∫∫ −= .

          dxxxx coscos ∫+−=

         2sincos cxxx ++−=              . . . (3.3) 

where c2 being the constant of integration. From Eqs. (3.2) and (3.3), we get 

  , 22
22 )sincos(2sincos ccxxxxxdxxx +++−−=∫

            , cxxxxx +−+= sin2cos2sin2

where we have written c for c1 – 2c2. 

 

We now consider some examples of integrals which occur quite frequently and 
can be integrated by parts. 

Example 3.8 

 
 

Example 3.9 

Find   dxbxeax cos∫
Solution 

Step 1 

Choose ; then integrating by parts gives bxxgexf ax cos)()( and ==

   dxbxeax cos∫
      1

sinsin cdx
b

bxae
b

bxe axax +−= ∫                        . . . (3.4) 

Step 2 

Integrating  by parts again, we get dxbxeax sin∫
  2

)cos()cos(sin cdx
b

bxae
b

bxedxbxe axaxax +
−

−
−

= ∫∫  

    2coscos1 cdxbxe
b
abxe

b
axax ++−= ∫  
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Step 3 

Substituting the value of , in Eq. (3.4), we have dxbxeax sin∫

12coscos1sincos ccdxbxe
b
abxe

bb
a

b
bxedxbxe axaxaxax +⎥⎦

⎤
⎢⎣
⎡ ++−−= ∫∫

 

32

2

2 coscossin cdxbxe
b
abxe

b
a

b
bxe axaxax +−+= ∫                . . . (3.5) 

where 213 c
b
acc −=  

Step 4 

Transposing the last term from the right of Eq. (3.5) to left, we get 

  322

2
cossin1cos1 cbxe

b
abxe

b
dxbxe

b
a axaxax ++=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+ ∫  

Dividing by ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+ 2

2
1

b
a , we finally get 

  cbxabxb
ba

edxbxe
ax

ax ++
+

=∫ )cossin(cos 22 , 

where 22
3

ba
cc
+

= , as the required integral. 

 

Similarly, the integral of the type  can be obtained. dxbxeax sin∫
And now some exercise for you. 

 SAQ 3 
 
(a) Evaluate the following integrals : 

(i) 
8129 2 +−∫ xx

dx  

(ii) 
124 ++∫ xx

dxx  

(iii)  dxxx 25 sec)(tan∫

(iv) 
1+∫ xe

dx  

(v) dx
x

x
sinln

cot
∫  
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(vi) dx
ex 1

1
−∫  

(vii) 2)( xx ee
dx

−+∫  

(viii)  dxxx 22sec∫

(ix) dx
x

x
2

21

1

)(sin

−

−

∫  

(x) dx
x

x 3)ln1( +
∫  

(xi) dx
x
x
)cot1(
)cosec( 2

+∫  

 

 

 

 

(b) Evaluate 

(i)  dxxx ln2∫
(ii)  dxxx 2cosec∫
(iii)  dxxe x 4cos3∫
(iv)  dxx1sin−∫
(v)  dxxx 1tan−∫

(vi) dx
x

xx

)1(

sin
2

1

−

−

∫  

(vii) dx
x

ex x

)1( 2+∫  

 

 

 

 

 

3.5 INTEGRATION OF RATIONAL FUNCTIONS 

We know, by now, that it is easy to integrate any polynomial function, that is, a 
function f given by . In this section, we shall see 
how a rational function can be integrated. 

0
1

1 ...)( axaxaxf n
n

n
n +++= −

−
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A function R is called a rational function if it is given by 
)(
)()(

xP
xQxR = , 

where Q (x) and P (x) are polynomials. It is defined for all x for which  
P (x) ≠ 0. If the degree of Q (x) is less than the degree of P (x), we say that  
R (x) is a proper rational function. Otherwise, it is called an improper 
rational function. 

Thus 
2

1)( 2 ++
+

=
xx

xxf  is a proper rational function, and 
2

5)(
3

−
++

=
x

xxxg  

is an improper one. But g (x) can also be written as 

2
17)63()( 2

−
+++=

x
xxxg  (by long division). 

Here we have expressed g (x), which is an improper rational function, as the 
sum of a polynomial and a proper rational function. This can be done for 
any improper rational function. 

3.5.1 Some Simple Rational Functions 
Now we shall consider some simple types of proper rational functions, like 

c bxax
mx

bxax k ++
−

−− 2and
)(

1,1 . We shall illustrate the method of integrating 

these functions through some examples. 
 

 
Example 3.10 

Consider the function 4)2(
1)(
+

=
x

xf . 

Solution 
To integrate this function we shall use the method of substitution. 

Thus, if we put 12 or =+=
dx
duxu , and we can write 

c
x

cudu
u

dx
x

+
+

−=+
−

==
+

−

∫∫ 3

3

44 )2(3
1

3
1

)2(
1 . 

 

 
Example 3.11 

Consider the function 
54

32)( 2 +−
+

=
xx

xxf . 

Solution 
This has a quadratic polynomial in the denominator. Now 

dx
xx

dx
xx

xdx
xx

x
54

7
54

42
54

32
222 +−

+
+−

−
=

+−
+

∫∫∫ . 

Perhaps you are wondering why we have split the integral into two parts. 
The reason for this break-up is that now the integrand in the first integral on 

the right is of the form 
)(
)(

xg
xg′ ; and we know that cxgdx

xg
xg

+=
′

∫ |)(|ln
)(
)( . 
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Thus  1
2

2 |54|ln
54

42 cxxdx
xx

x
++−=

+−
−

∫ . 

To evaluate the second integral on the right, we write 

  dx
x

dx
xx

dx
xx 1)2(

1
1)44(

1
54

1
222 +−

=
++−

=
+− ∫∫∫ . 

Now, if we put 1,2 =−=
dx
duxu  and 

2
1

2
1

22 )2(tantan
1

1
54

1 cxcudu
u

dx
xx

+−=+=
+

=
+−

−−∫∫  

This implies, cxxxdx
xx

x
+−++−=

+−
+ −∫ )2(tan7|54|ln

54
32 12

2 . 

 

3.5.2 Partial Fraction Decomposition 
You must have studied the factorisation of polynomials. For example, we know 
that 

    )3()2(652 −−=+− xxxx

Here (x – 2) and (x – 3) are two linear factors of . 652 +− xx

You must have also come across polynomial like , which cannot be 
factorised into real factors. Thus, it is not always possible to factorise a given 
polynomial into linear factors. But any polynomial can, in principle, be factorised 
into linear and quadratic factors. We shall not prove this statement here. It is a 
consequence of the fundamental theorem of algebra. The actual factorization of a 
polynomial may not be very easy to carry out. But, whenever we can factorise the 
denominator of a proper rational function, we can integrate it by employing the 
method of partial fractions. The following examples will illustrate this method. 

12 ++ xx

 

 
Example 3.12 

Let us evaluate dx
x
x

1
15

2 −
−

∫ . Here the integrand 
1
15

2 −
−

x
x  is a proper rational 

function. 

Its denominator  can be factored into linear factors as : 12 −x

    )1()1(12 +−=− xxx

This suggests that we can write the decomposition of 
1
15

2 −
−

x
x  into partial 

fraction as : 

   
)1()1()1()1(

15
1
15

2 +
+

−
=

+−
−

=
−
−

x
B

x
A

xx
x

x
x  

If we multiply both sides by )1()1( +− xx , we get 

   )1()1(15 −++=− xBxAx . 

That is   )()(15 BAxBAx −++=−  
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By equalling the coefficients of x, we get A + B = 5. Equating the constant 
terms on both sides, we get A – B = − 1. 

Mathematics-II 
 

Solving these two equations in A and B, we get A = 2 and B = 3. 

Thus,   
1

3
1

2
1
15

2 +
+

−
=

−
−

xxx
x  

Integrating both sides of this equation, we obtain 

   dx
x

dx
x

dx
x
x

1
3

1
2

1
15

2 +
+

−
=

−
−

∫∫∫  

            cxx +++−= |1|ln3|1|ln2  

Let us go to our next example now. 

 

 

Take a look at the denominator of the integrand in dx
xx

x
233 +−∫ . 

It factors into . The linear factor (x – 1) is repeated twice in 
the decomposition of . In this case, we write 

)2()1( 2 +− xx

233 +− xx

   23 )1(1223 −
+

−
+

+
=

+− x
C

x
B

x
A

xx
x  

From this point, we proceed as before to find A, B and C. We get 

    )2()1()2()1( 2 ++−++−= xCxxBxAx

We put x = 1, and x = − 2, and get 
9
2

3
1 and −== AC . Then to find B, let us 

put any other convenient value, say x = 0. 

This gives us  0 = A – 2B + 2C 

or   
3
22

9
20 +−−= B  

This implies 
9
2

=B  

Thus dx
x

dx
x

dx
x

dx
xx

x
23 )1(

1
3
1

1
1

9
2

2
1

9
2

23 −
+

−
+

+
−=

+− ∫∫∫∫  

             c
x

xx +
−

−−++−=
)1(

1
3
1|1|ln

9
2|2|ln

9
2  

             c
xx

x
+

−
−

+
−

=
)1(3

1
2
1ln

9
2  

 
In our next example, we shall consider the case when the denominator of the 
integrand contains an irreducible quadratic factors (i.e. a quadratic factor which 
cannot be further factored into linear factors). 

Example 3.13 
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To evaluate 

   dx
xxxx

xxx
22

45116
234

23

−+−
−+−

∫  

We factorise   as . xxxx 22 234 −+− )1()2( 2 +− xxx

Then we write 
1)2(22

45116
2234

23

+
+

+
−

+=
−+−
−+−

∫ x
D Cx

x
B

x
A

xxxx
xxx  

Thus 

       )2()()1()1()2(45116 2223 −+++++−=−+− xxD CxxxBxxAxxx

Next, we substitute x = 0, and x = 2, to get A = 2 and B = 1. Then we put  
x = 1 and x = − 1 (Some Convenient values) to get C = 3 and D = − 1. 

Thus,  dx
x

 xdx
x

dx
x

dx
xxxx

xxx
1
13

2
112

22
45116

2234

23

+
−

+
−

+=
−+−
−+−

∫∫∫∫  

   
11

2
2
3|2|ln||ln2 22 +

−
+

+−+= ∫∫ x
dxdx

x
xxx  

   cxxxx +−++−+= −∫ 12 tan|1|ln
2
3|2|ln||ln2  

 
Thus, you see, once we decompose integrand, which is a proper rational function, 
into partial fractions, then the given integral can be written as the sum of some 
integrals of the type discussed in previous examples. 

Example 3.14 

All the functions which we integrated till now were proper rational functions. 
Now we shall take up an example of an improper rational function. 
 

 

Let us evaluate dx
xx

xx
2

2
2

3

−−
+

∫ . 

Solution 
Since the integrand is an improper rational function, we shall first write it as 
the sum of a polynomial and a proper rational function. 

   
2

25)1(
2

2
22

3

−−
+

++=
−−

+
xx

xx
xx

xx  

Therefore, dx
xx

xdxxdx
xx

xx
2

25)1(
2

2
22

3

−−
+

++=
−−

+
∫∫∫  

       
12

4
+

+
−

++= ∫∫∫∫ x
dx

x
dxdxdxx  

Hence  cxxxxdx
xx

xx
+++−++=

−−
+

∫ |1|ln|2|ln4
22

2 2

2

3
 

 

Example 3.15 
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Try to do the following exercise now. Mathematics-II 
 

 SAQ 4 
 

Evaluate 

(i) dx
xx

x
322 −−∫  

(ii) dx
xx

x
103

133
2 −+

−
∫  

(iii) dx
xxx

xx
)6()12(

23226
2

2

−+−
−+

∫  

(iv) dx
xxx

xx
)1()1(

1
2

2

+−−
−+

∫  

(v) dx
ax

x
22

2

−∫  

(vi) dx
xx

x
32

4
2

2

++
+

∫  

 

 

 

 

3.6 INTEGRATION OF IRRATIONAL FUNCTIONS 

The task of integrating functions gets tougher if the given function is an irrational 

one, that is, it is not of the form 
)(
)(

xP
xQ . In this section, we shall give you some tips 

for evaluating some particular types of irrational functions. In most cases, our 
endeavour will be to arrive at a rational function through an appropriate 
substitution. This rational function can then be easily evaluated by using the 
techniques developed in Section 3.5. 

Integration of Functions Containing only Fractional Powers of x 

In this case, we put x = tn, where n is the lowest common multiple  
(l. c. m.) of the denominators of powers of x. This substitution reduces the 
function to a rational function of t. 

Look at the following example. 

 

 
Example 3.16 

Let us evaluate dx
x

xx
3/1

3/12/1

1
32

+
+

∫  
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We put x = t6, as 6 is the l. c. m. of 2 and 3. We get 

           dtt
t

ttdx
x

xx 5
2

23

3/1

3/12/1
6

1
326

1
32

+
+

=
+
+

∫∫  

     dt
t

tttttttdt
t

tt
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−

−−++−−+=
+
+

= ∫∫ 2
23456

2

78

1
2323232326

1
326  

       cttttttttt +⎥⎦
⎤

⎢⎣
⎡ ++−−++−−+= −12234567 tan2)1(ln

2
32

2
3

3
2

4
3

5
2

2
1

7
26  

cxxxxxxxxx +++−−++−−+= − 6/113/16/13/12/13/26/56/7 tan12|1|ln91294
2
9

5
123

7
12

 
 

Integrals of the Types 

(i) dxax 22 −∫ ,   (ii) dxax 22 +∫  

(iii) dxxa 22 −∫ ,   (iv) dxcbxax ++∫ 2  

(v) dxcbxaxqPx +++∫ 2)(  

Now, let us evaluate the above integrals. 

(i) Let dxaxI 22 −= ∫  

Integrating by parts taking 1 as the second function, we have 

  dx
ax

xxaxxI
22

22 2.
2
1.

−
−−= ∫  

     dx
ax

xaxx
22

2
22

−
−−= ∫  

     dx
ax

aaxaxx
22

222
22

−

+−
−−= ∫  

     
22

22222

ax

dxadxaxaxx
−

−−−−= ∫∫  

     caxxaIaxx +⎟
⎠
⎞⎜

⎝
⎛ −+−−−= 22

2
22 log

2
 

∴           caxxaaxxI +⎟
⎠
⎞⎜

⎝
⎛ −+−−= 22

2
22 log

2
2  

∴             caxxaaxxI +⎟
⎠
⎞⎜

⎝
⎛ −+−−= 22

2
22 log

22
 

Similarly 

(ii) caxxaaxxdxax +⎟
⎠
⎞⎜

⎝
⎛ ++++=+∫ 22

2
2222 log

22
1 , and 

(iii) c
a
xaxaxdxxa ++−=− −∫ 1

2
2222 sin

22
1  
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 (iv) dxcbxax ++∫ 2  

   ⎟
⎠
⎞

⎜
⎝
⎛ ++=++

a
cx

a
bxacbxax 22  

            
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+⎟

⎠
⎞

⎜
⎝
⎛ += 2

22

42 a
b

a
c

a
bxa  

Put  2
2

2

4
,

2
k

a
b

a
ct

a
bx =−=+  

Then the integral is reduced to any of the forms (i), (ii) or (iii). 

(v) dxcbxaxqPx +++∫ 2)(  

Choose constants A and B such that 

   Bcbxax
dx
dAqPx +⎥⎦

⎤
⎢⎣
⎡ ++=+ )( 2  

   BbaxA ++= )2(  

i.e.       qBAbpaA =+= ,2  

Thus the integral is reduced to 

   dxcbxaxBdxcbxaxbaxA ++++++ ∫∫ 22)2(  

   21 IBIA +=  

          dxcbxaxbaxI +++= ∫ 2
1 )2(  

Put  tcbxax =++2

  dtdxbax =+ )2(  

i.e.  2
2/32

1 )(
3
2 ccbxaxI +++=  

 Similarly, dxcbxaxI ++= ∫ 2
2  which can be worked out as  

in (iv). 

∴ (v) can be determined. 

 

 
Example 3.17 

Evaluate dxx24 −∫ . 

Solution 

dxxdxx 222 24 −=− ∫∫  

         cxxx ++−= −

2
sin24

2
1 12 . 
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Example 3.18 

Evaluate dxxx 522 ++∫  

Solution 

  dxxdxxx 4)1(52 22 ++=++ ∫∫  

Put  x + 1 = t, then dx = dt 

∴  dttdttdxxx 2222 2452 +=+=++ ∫∫∫  

  ctttt +⎟
⎠
⎞⎜

⎝
⎛ ++++= 4log4.

2
14

2
1 22  

  cxxxxxx +⎥⎦
⎤

⎢⎣
⎡ ++++++++= 52)1(log252)1(

2
1 22  

 

 
Example 3.19 

Evaluate dxxxx 21 −+∫  

Solution 

Let  Bxx
dx
dAx +⎥⎦

⎤
⎢⎣
⎡ −+= )1( 2  

      BxA +−= )21(

∴  
2
1,

2
1

=−= BA  

Thus  dxxxxdxxxx 22 1)21(
2
11 −+−−=−+ ∫∫  

          dxxx 21
2
1

−++ ∫  

           21 2
1

2
1 II +−=  

  dxxxxI 2
1 1)21( −+−= ∫  

Put   dtdxxx =−+ )1( 2

Then   dtdxx =− )21(

∴  1
2
3

2
1

1 3
2 ctdttI +== ∫  

      1
2
3

2 )1(
3
2 cxx +−+=       . . . (1) 

  dxxdxxxI
2

2
2 2

1
4
51 ⎟

⎠
⎞

⎜
⎝
⎛ −−=−−= ∫∫  
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 Put  dtdxtx ==− then,

2
1  

∴  dttI 2
2 4

5
−= ∫  

      2
12

5
2sin

4
5.

2
1

4
5

2
1 cttt ++−= −  

      2
12

5
12sin

8
51)12(

4
1 cxxxx +

−
+−+−= −  

Hence dxxxx 21 −+∫  

      22
3

2 1)12(
8
1)1(

3
1 xxxxx −+−+−+=  cx

+
−

+ −

5
12sin

16
5 1  

 
SAQ 5  

Integrate the following functions : 

(i) 642 ++ xx  

(ii) 32)1( 2 ++ xx  

(iii) 231 xx −+  

 

 

 

3.7 INTEGRATION OF TRIGONOMETRIC 
FUNCTIONS 

If the integrand is a rational function of sin x or cos x or both, it can be reduced to 

a rational function by substituting 
2

tan xt = . 

Then  
2

1
2
1.

2
sec

2
2 tx

dx
dt +

==  

i.e.  21
2

t
dtdx
+

=  

  

2
tan1

2
tan2

sin
1
1cos,

1
2sin

22

2

2 as x

x

x
t
tx

t
tx

+
=

+
−

=
+

=  

and  

2
tan1

2
tan1

cos x . 
2

2

x

x

+

−
=
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Example 3.20 

Evaluate dx
xx

x
)cos1(sin

sin1
+

+
∫  

Solution 

Let  ,
2

tan tx
=  

Then  2

2

2

2

2

1
2

1
11

1
2

1
21

)cos1(sin
sin1

t
dt

t
t

t
t

t
t

dx
xx

x
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−

+
+

+
+

=
+

+
∫∫ .  

              dt
tt

tt
]11[2

212 22

2

−+++
++

= ∫  

              dtt
t

dt
t

tt
⎥⎦
⎤

⎢⎣
⎡ ++=

++
= ∫∫ 21

2
121

2
1 2

 

               
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+++= cttt 2

2
log

2
1 2

 

               cxxx
+++=

2
tan

2
tan

4
1

2
tanlog

2
1 2  

SAQ 6 
 

 

 
Integrate the following : 

(i) 
xsin45

1
+

 

(ii) 
θ+ cos2

1  

(iii) 
xx cossin1

1
++

 

 

 

 

 

3.8 SUMMARY 

The main points covered in this unit are 

• Given the derivative of a function, the process to find the function is 
called antidifferentiation and the result of antidifferentiation is 
called an antiderivative. 



 
 

 
114 

Mathematics-II 
 • The indefinite integral  denotes the class of all 

antiderivatives of f. 

dxxf )(∫

• (a)  dxxfKdxxfK )()( ∫∫ =

(b)  dxxgdxxfdxxgxf )()()]()([ ∫∫∫ ±=±

• By the method of substitution : 

(a)  dtttfdxxf )(])([)( φ′φ= ∫∫

(b) 01,
1

])([)(])([ where
1

≠+
+

=′
+

∫ n
n
xfdxxfxf

n
n  

(c) |)(|ln
)(
)( xfdx

xf
xf

=
′

∫ . 

• By the method of integration by parts : 

Integral of product of two functions = first function × integral of 
second function – integral of (derivative of first function × integral of 
second function). 

• A rational function f of x is given by 
)(
)()(

xQ
xPxf = , where P (x) and  

Q (x) are polynomial in x. It is called proper if the degree of P (x) is 
less than the degree of Q (x). Otherwise it is called improper. 

• To integrate a proper rational function, we decompose the 
denominator into either linear or quadratic factors. 

• Some rules to integrate irrational functions are 

(a) To integrate functions containing only fractional powers of x, 
put x = tn, where n is l. c. m. of denominators of powers of x. 

(b) Rational functions of sin x or cos x or both can be reduced to a 

rational function of t by substituting tx
=

2
tan  and then can be 

integrated. 

3.9  ANSWERS TO SAQs 

SAQ 1 

(i)  cx +25

(ii)  cx +11

(iii) cx
+

−
2
5 2

 

SAQ 2 

(i) (a) cx
+

9

9
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 (b) cx +− − 2/3

3
2  

 (c)  cx +− −14

(c) 9x + c 

(ii) (a) cxxx
+−−

23

23
 

 (b)  cxx +− 2/32/1 22

 (c) c
x

xx
+−−

12
3

3
 

(iii) (a)  cxee xx ++− − 4

 (b) cxexx x ++++
2

cos3sin4
2

 

 (c)  cxex x +−+ 24tanh4

(iv) (a)  cxx ++− ||ln5sin2 1

 (b) dx
x

x
1

3)1(2
2

2

+
++

∫  

  dx
x

dx
1

132 2 +
+= ∫∫  

   cxx ++= −1tan32

(v) (a) 1

234

234
cdxcxbxax

++++  

 (b) cxxx
++− ||ln2

2

2
 

(vi) (a) dx
xx

xxxxdx
xx
xx

22

2222

22

44

cossin
cossin2)cos(sin

cossin
cossin −+

=
+

∫∫  

  dx
xx

xx
22

22

cossin
cossin21 −

= ∫  

  cxxxdxdx
x

dx
x

+−+−=−+= ∫∫∫ 2tancot2
cos

1
sin

1
22  

 (b) cxxxx +−+− 2
5

22
3

5
2

2
3

3
46  

SAQ 3 

(a) (i) cx
+

−−

3
23tan

6
1 1  

(ii) cx
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛ +−

3
12tan

3
1 2

1  

(iii) cx +6tan
6
1  
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 (iv)  cex x ++− |)1(|ln

(v) cx +|)|sin|(ln|ln  

(vi)  cxex +−− |)1(|log

(vii) c
e x +

+
−

)1(
1

2
1

2  

(viii) cx +2tan
2
1  

(ix) Put  tx =−1sin

So dttdx
x

xdtdx
x

2
2

21

2 1

)(sin

1

1 and ∫∫ =
−

=
−

−
 

                cxct
+=+= − 31

3
)(sin

3
1

3
 

(x) cx ++ 4)log1(
4
1  

(xi) cx ++− |)cot1(|ln  

(b) (i) cxx +−
9

)1||ln3(
3

 

(ii) cxxx +− cot|)sin|ln  

(iii) cxxe x
+

+
25

)4cos34sin4(3
 

(iv) cxxx +−+− 21 1sin  

(v)  dxxx 1tan−∫

  dx
x

xxx 2

22
1

12
1

2
.)tan(

+
−= ∫−  

  dx
x

xx
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−−= ∫−

2
1

2

1
11

2
1tan

2
 

  cxxxx
++−= −− 11

2
tan

2
1

2
1tan

2
 

  c xxx +−+= −

2
1tan)1(

2
1 12  

(vi)  xc 1sin,sincos where −=φ+φ+φφ−

(vii) 
x

ex

+1
 

SAQ 4 

(i) cxx +++− |1|ln
4
1|3|ln

4
3  

(ii) cxx +−−+ |2|ln|5|ln4  
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(iii) 
2312)2()3()12(

23226
)6()12(

23226 2

2

2

−
+

+
+

−
=

−+−
−+

=
−+−

−+
x

C
x

B
x
A

xxx
xx

xxx
xx  

         )3()12()12()2()2()3(23226 2 +−+−−+−+=−+ xxCxxBxxAxx

      32 =⇒= Cx

     13 −=⇒−= Bx  

     1
2
1

=⇒= Ax  

 ∴ cxxxdx
xxx

xx
+−++−−=

−+−
−+

∫ |2|ln3|3|ln|12|ln
2
1

)6()12(
23226

2

2
 

(iv) 
11)1()1(

1
22

2

+−
+

+
−

=
+−−

−+
xx

CBx
x

Adx
xxx

xx  

 ∴  )1()()1(1 22 −+++−=−+ xCBxxxAxx

     11 =⇒= Ax

 ∴ We have 

   CxBCBxxxxx −−++−−=−+ )(11 222

 Thus   1 = 1 + B 

∴   B = 0 

Also       − 1 = 1 − C 

∴  C = 2 

∴ 
1

2
1)1()1(

1
22

2

+−
+

−
=

+−−
−+

∫∫∫ xx
dx

x
dxdx

xxx
xx  

         cxx +
−

+−= −

3
12tan

3
4|1|ln 1  

(v) dx
ax

x
22

2

−∫   

   dx
ax

aax
22

222

−
+−

= ∫  

   dx
ax

adx 22

2

−
+= ∫  

   dx
axaxa

adx
⎭
⎬
⎫

⎩
⎨
⎧

+
−

−
+= ∫∫

11
2

2
 

   c
ax
axax +

+
−

+= ln
2

 

(vi) dx
xx

x
32

4
2

2

++
+

∫  

   dx
xx

x
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧
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    dx

xx
xdx

32
12

2 ++
−

−= ∫∫  

   dx
xx

dx
xx

xdx
32

3
32

22
22 ++

+
++

−
−= ∫∫  

   cxxxx +
+

+++−= −

2
1tan

2
3|32|ln 12  

SAQ 5 

(i) cxxxxxx
+⎟

⎠
⎞⎜

⎝
⎛ +++++++

+ 642log64
2

2 22  

(ii) cxxxxx +⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++++++

2
3log

4
2332

2
)32(

6
1 222

3
2  

(iii) cxxxx
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+++

− −

13
32sin

8
1331

4
32 12  

SAQ 6 

(i) c

x

+
⎟
⎠
⎞

⎜
⎝
⎛ +

−

3

4
2

tan5
tan

3
2 1  

(ii) c+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ θ−

2
tan

3
1tan

3
2 1  

(iii) cx
+⎟

⎠
⎞

⎜
⎝
⎛ +

2
tan1log  
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