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3.1 INTRODUCTION

So far we have concentrated only on that part of calculus which is based on the
operation of the derivative, namely, differential calculus. The second major
operation of the calculus is integral calculus. The name integral calculus
originated in the process of summation, and the word integrate literally means
find the sum of. Historically, the subject arose in connection with the
determination of areas of plane regions. But in the seventeenth century it was
realized that integration can also be viewed as the inverse of differentiation.
Integral calculus consists in developing methods for the determination of integrals
of any given function.

The relationship between the derivative and the integral of a function is so
important that mathematicians have labelled the theorem that describes the
relationship as the Fundamental Theorem of Integral Calculus.

In this unit, we shall introduce the notions of antiderivatives, indefinite integral
and various methods and techniques of integration. The next unit will cover
definite integrals which can be evaluated using these methods.

Objectives
After studying this unit, you should be able to
o compute the antiderivative of a given function,
. define the indefinite integral of a function,
o evaluate certain standard integrals by finding the antiderivatives of

the integrals,
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o compute integrals of various elementary and trigonometric functions,

o integrate rational functions of a variable by using the method of
partial fractions, and

o evaluate the integrals of some specified types of irrational functions.

3.2 ANTIDERIVATIVES

So far, we have been occupied with the ‘derivative problem’ that is, the problem
of finding the derivative of a given function. Some of the important applications
of the calculus lead to the inverse problem, namely, given the derivative of a
function, is it possible to find the function? This process is called
antidifferentiation and the result of antidifferentiation is called an
antiderivative. The importance of the antiderivative results partly from the fact
that scientific laws often specify the rates of change of quantities. The quantities
themselves are then found by antidifferentiation.

To get started, suppose we are given that f ' (x) =9, can we find f (x)? It is easy to
see that one such function f is given by f (x) = 9x, since the derivative of 9x is 9.

Before making any definite decision, consider the functions
9x + 4,9x —10, 9x + +/3

Each of these functions has 9 as its derivative. Thus, not only can f (x) be 9x, but
it can also be 9x + 4 or 9x —10, 9x + /3. Not enough information is given to help
us determine which is the correct answer.

Let us look at each of these possible functions a bit more carefully. We notice that
each of these functions differs from another only by a constant. Therefore, we can
say that if f ' (x) =9, then f (x) must be of the form f (xX) = 9x + ¢, where c is a
constant. We call 9x + ¢ the antiderivative of 9.

More generally, we have the following definition.
Definition 1

Suppose f is a given function. Then a function F is called an antiderivative
of f,if F'(x) = f (x) Vx.

We now state an important theorem without giving its proof.
Theorem 1

If FL and F, are two antiderivatives of the same function, then F; and
F, differ by a constant, that is

Fi(x)=F,(x)+c
Remark

From above Theorem, it follows that we can find all the antiderivatives of a
given function, once we know one antiderivative of it. For instance, in the
above example, since one antiderivative of 9 is 9x, all antiderivative of 9
have the form 9x + ¢, where c is a constant. Let us do one example.
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Find all the antiderivatives of 4x.
Solution

We have to look for a function F such that F'(x) = 4x. Now, an

antiderivative of 4x is 2x. Thus, by Theorem 3.1, all antiderivatives of 4x
are given by 2x? + ¢, where c is a constant.

Find all the antiderivatives of each of the following function

(i) f(x)=10x
(i) f(x)=11x"
(i) f(x) = - 5x

3.3 BASIC DEFINITIONS

We have seen, that the antiderivative of a function is not unique. More precisely,
we have seen that if a function F is an antiderivative of a function f, then F + c is
also an antiderivative of f, where c is any arbitrary constant. Now we shall

introduce a notation here : we shall use the symbol j f (x) dx to denote the class

of all antiderivatives of f. We call it the indefinite integral or just the integral of f.
Thus, if F (x) is an antiderivative of f (x), then we can write J‘ f(x)dx=F(x)+c.

This c is called the constant of integration. The function f (X) is called the
integrand,  (x) dx is called the element of integration and the symbol | stands for
the integral sign.

The indefinite integral I f (x) dx is a class of functions which differ from one

another by constant. It is not a definite number; it is not even a definite function.
We say that the indefinite integral is unique up to an arbitrary constant.

Thus, having defined an indefinite integral, let us get acquainted with the various
techniques for evaluating integrals.

3.3.1 Standard Integrals

We give below some elementary standard integrals which can be obtained
directly from our knowledge of derivatives.

Table 3.1
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SI. No. Function Integral
1 X" n+1
+c,n=-1
n+1
2 sin X —COSX+C
3 COS X sinx+c
4 sec? x tan x + ¢
5 cosec? X —cotx+c
6 Sec X tan x Sec X+ C
7 cosec X cot X —CoSec X + ¢
8 1 sint x+cor —costx+c
1 x?
9 1 tant x+cor —cot™ x+¢
1+ x?
10 1 sec™t x+¢ or —cosect X +¢
X+x2 -1
11 1 In|x|+c
X
12 e ef+c
13 a* X
+C
In|a|

Now let us see how to evaluate some functions which are linear combination of

the functions listed in Table 3.1.

3.3.2 Algebra of Integrals
You are familiar with the rule for differential which says

d d d
o BT +bge)]=a- [T 0]+ b g ()]

There is a similar rule for integration :

Rule 1

j [af(x)+bg(x)]dx=a.[ f(x)dx+b'[ g (x) dx

This rule follows from the two theorems.

Theorem 2

If f is an integrable function, then so is K f (x) and
j Kf(x)dx:Kj f (x) dx .

Proof

Let j f(x)dx=F(x)+c




Then by definition, % [F(X)+c]=f(x)

i[K{F X)+c} =K f(x)
dx
Again, by definition, we have
j Kf(x)dx:K[F(x)+c]=KI f (x) dx
Theorem 3

If f and g are two integrable functions, then f + g is integrable, and we
have j [f (x) + g(x)] dx =j f(x) dx + j g(x) dx.

Proof
Let j f(x)dx:F(x)+c,Ig(x)dx:G(x)+cl
Then ;—X HF) +c}+{GX) +c =X +gX
Thus, _[ [f(X)+g(X)]dx=[FX) +c]+[G(X)+c]

=j f(x)dx+j g (x) dx

Rule (1) may be extended to include a finite number of functions, that is, we
can write

Rule 2
J 1Ky 100 + Ka F00 + .+ Ky £ (9] o
=K1j fl(x)dx+K2J. fz(x)dx+...+KnJ' f(x) dx

We can make use of Rule (2) to evaluate certain integrals which are not
listed in Table 3.1.

Example 3.2 ‘—

Let us evaluate I (2 + 4x + 3sin x + 4e*) dx
:2_[ dx+4_[ xdx+3I sin xdx+4I e* dx

—2x + 2x% —3cos x + 4e* + ¢

Example 3.3 ‘
Suppose we want to evaluate I a-x’ dx
X \/x
1-x)2
Thus, ( dx
i

_ 2
=J~ 1 2x3+x dx

X 2

Indefinite Integrals
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=J X 2 dx—[ 2X 2 dx+I x2 dx

_1 1 8
2

=—2X —4x2+§x2+c

And now some exercises for you.

Write down the integrals of the following using Table 3.1 and Rule 2
5

M @x  (b)x 2 (c) 4x°? (d9
N ) 1 1)
() @ -x-1 () -3 © (x—;)

(iii) (@) e*+e*+4 (b) 4cosx—3sinx+e* +x  (C) 4sech®x +e* —8x

i 2 5 2x% +5
W @t o2

2
(v) (@) a®+bx®+cx+d  (b) (\/__%j

M) @ ST o B )

sin? x cos? x

3.4 METHODS OF INTEGRATION

We have seen in Section 3.3 that the decomposition of an integrand into the sum
of a number of integrands, with known integrals, is itself an important method of
integration.

We now give two general methods of integration, namely,
(1)  Integration by substitution,
(if)  Integration by parts.

The method of substitution consists in expressing the integral I f (x) dx in terms

of another simpler integral, I F (t) dt, say where the variables x and t are

connected by some suitable relation x = ¢ (t).

The method of integration by parts enables one to express the given integral of a
product of two functions in terms of another, whose integration may be simpler.
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3.4.1 Integration by Substitution
Consider the following integral

[ FT9(1 ' () dx
Since ;—X flg(¥)] = f'Tg(x)] g9’ (x) (by Chain rule)

[ T9(1g'(x) o

= flg()]+c
In Eq. (1), if we substitute g (x) =t

Then g'(x) = dt
dx

I.e. g'(x) dx = dt
Hence f'[g(x)] g’ (x) dx

= f'(t) dt

[ T9(1g'(x) dx

= j f'(t) dt
—f(t)+c
= flg(¥)]+c
Let us now illustrate this technique with examples.

Find _[ (x? +1)% 2x dx

Solution
Let t=x%+1
dt = 2x dx
Therefore, I (x? +1)% 2x dx
=I t3 dt
t4
=—+cC
4
Thus, _[ (x? +1)% 2x dx

=%(x2+1)4+c,since t=x2+1

Find I x3eX' dx.

Q)

Example 3.4 ‘—

Example 3.5 ‘—

Indefinite Integrals
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Let t=x*
Then dt = 4x% dx
Therefore, '[ x3eX’ dx

=%I 4x3eX" dx
Y RO
Al

=%[et +c]

Some Typical Examples of Substitution

We now consider the integral I f (x) dx, where the integrand f (x) is in

some typical form and the integral can be obtained easily by the method of
substitution.

Various forms of integral can be obtained easily by the method of
substitution. Various forms of integrals considered are as follows :

(a) j f (ax + b) dx

To integrate f (ax +b), put ax +b =t
Therefore adx =dt or dx = 1 dt
a
Thus [ flax+byd=2] o
a

which can be evaluated, once the right hand side is known, for
example, to find I cos (ax +b) dx, we put ax + b=t and

adx =dt or dx=1dt.
a

Then J. cos(ax+b)dx=£j costdtzlsint+c
a a

or _[ cos(ax+b)dx:£sin(ax+b)+c
a

Similarly, we have the following results

(ax + b)"*t

j(ax+b) dx = 1Da

+c,n=-1

I 1 dx:lln(ax+b)+c
ax+b a
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You can make direct use of the above results in solving exercises.

1
J' eax+b dx = = eax+b e
a

_[ sec? (ax + b) dx = L tan (ax + b) + ¢ etc.
a

(b) j f(x)" x" ! dx

(©)

(d)

To integrate f ()" x" %, we let x" =t.

Then nx"~! dx = dt

and [ foomx? dx=%J. (1) dt

which can be found out once the right hand side is known.

For example, to find '[ x2sin x3dx, put x3 =t; then 3x? dx = dt, that

is 2 dx = * dt .
3
Then, _[ x%sin x2 dx
1 )
:§I sin t dt
1
—_—~cost+c
3

1 3
——Zcos x> +¢C
3

j {FOO F/(x)dx,n=—1

Putting f (x) = t; we see that f'(x) dx =dt and

n+1

[ o o ax=| dt=t 4

n+1

_fonmt .
n+1

For example, I cos? x sin xdx

= —J' t2dt , where t = cos x (and hence — dt = sin x dx)

Therefore, '[ cos? x sin xdx

1
—— -t +¢

1 3
=—=(cos x)® +¢
3( )

& dx
f(x)

Indefinite Integrals
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(e)

Putting f(x) =t, we have f'(x) dx = dt

f'()
f ()
i.e. the integral of a function in which the numerator is the differential

co-efficient of the denominator, is equal to the logarithm of the
denominator (plus a constant).

and

dx=%=|n|t|+c=ln|f(x)|+c

For example, applying this result, we have

sin X —sinX
J.—dx=—.[ ( )dx:c—lncosx
COS X COS X

Since f (X) = cos x, in this case.

Therefore, .f tanx dx = ¢ — In|cos x|

Similarly, you can obtain the following integrals

J. cotx dx =In|sinx|+ ¢

J. secx dx =In|(secx + tanx)| + ¢

ot

Remember that logarithm of a quantity exists only when the quantity
is positive. Thus, while making use of these formulas, make sure that
the integrand to be integrated is positive in the domain under
consideration.

J. cosecx dx =1In +C

j f (a2 + x2) dx

Under this category we now give some results obtained by putting
X =at; and hence dx = a dt.

dx 1. _1(x
.[ —— =—tan | —|+c
a‘+x° a a

_[ dx I XJm/aZer2 e
Ja? 1 x? a

We usually use all these integrals given under (A) — (E) directly
whenever required without actually proving them. Sometimes it may
happen that two or more substitutions have to be used in succession.
We now illustrate this point with the help of the following example.
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Example 3.6 ‘—

Calculate

M [ 2

1+ x?

(i) I sin® x cos? x dx
Solution

M [ -2 o

1+x

Put 1+x°=t
Then 2 xdx =dt

2
J e[ L

=Int+c
=In(1+x%)+c
(i) J'sing’xcoszxdx
=I sin? x cos? x sin x dx
=_[ cos? x (1 — cos? x) sin x dx

Put cosx=t
Then —sinx dx =dt

J. sin® x cos? x dx =—J. t2 (1—t2) dt

= @ -t

5 3
_ (cosx)”  (cosx) i
5 3

So far we have developed the method of integration by substitution, by turning
the chain rule into an integration formula. Let us do the same for the product rule.
We know that the derivative of the product of two functions f (x) and g (X) is
given by

%[f () g()]=9(x) F'(x)+ £(x) g'(x),

where the dashes denotes differentiation w. r. t. x. Corresponding to this formula,
we have a rule called integration by parts. 99
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Let us now discuss the method of integration by parts in detail. We begin by
taking two functions f (x) and g (x). Let G (x) be an antiderivative of g (x), that is,

[ 9 dx=G(x) or ') =g(x)
Then, by the product rule for differentiation, we have
&[f ()G =f(x)G'(x) + f'(x) G(x) = £ (x) g(x) + £'(x) G(x)

Integrating both sides, we get

f(x)G(x):j f(x)g(x)dx+J‘ f(x) G(x) dx
or j f(x)g(x)dx:f(x)G(x)—J‘ f/(x) G (x) dx

Thus, j f(x) g(x)dx = f(x) j g (x) dx —j f(x) {j g(x) dx}dx ... (3.1)
The integration done by using the Eq. (3.1) is called integration by parts. In other
words, it can be stated as follows :
The integral of the product of two functions

= first function x integral of the second function

— integral of (differential coefficient of the first x integral of the
second).

We now illustrate this method through some examples.

EX@M D€ 3.7 | o —

Integrate x e* with respect to x.
Solution
We use integration by parts.
Step 1
Take f(x)=x and g(x)=e*.
Then f'(x) =1 and j X dx = e*

Step 2

By formula (3.1) we have

J.xexdx=xeX—J. 1.e¥dx+c
or J.xexdx=xex—ex+c

Sometimes we need to integrate by parts more than once. We now illustrate it
through the following example.
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Example 3.8 ‘—

J. x% cosx dx

Solution
J‘ 2 2
X< cosX dx = X J' cosxdx—j 2X{J. cosx dx} dx

=x25inx—2Ixsinxdx+c1 ... (3.2
where c; Is a constant of integration.
Integrating J' x sinx dx, again by parts, we get
J Xsin x dx=xj sin x dx—J 1.{j sin x dx} dx
= — XCOSX + _[ Cos X dx
= — XCOSX + SinX + C, ... (3.3
where ¢, being the constant of integration. From Egs. (3.2) and (3.3), we get
J x2cosx dx = x2sinX — 2 (— X COSX + SiNX + C,) + Cy

= X?SiNX + 2X COSX — 2sinX + C,

where we have written ¢ for ¢, — 2¢..

We now consider some examples of integrals which occur quite frequently and
can be integrated by parts.

Example 3.9 ‘—

Find J. e® cos bx dx

Solution
Step 1

Choose f (x) =e® and g(x) = cos bx ; then integrating by parts gives

J‘ e® cos bx dx

sin bx sin bx
_gax N DA _J' ae®

s dx+ ¢, ... (3.4)

Step 2

Integrating I e sin bx dx by parts again, we get

Ieax sin bxdx:eaX(_LbSbX)—j aeaxwdwrcz

1
=——eaxcosbx+3.|. e cos bx dx + ¢,
b b

Indefinite Integrals
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Mathematics-11 Note that the second term on the right hand side is nothing but a
constant multiple of the given integral.

Step 3

Substituting the value of I e sin bx dx, in Eq. (3.4), we have

J- e®™ cos bxdx = ea"$ _3[_1@% cosbx +%I e®™ coshxdx + Cz} +¢

bl b
_eaxsin bx, a e® cos bx a’ e™cos bx dx + ¢ (3.5)
= . +b—2 _b_z-[ +Cq ... (3
where %zq—%%

Step 4
Transposing the last term from the right of Eq. (3.5) to left, we get

2
{1 + Z—ZJ J. e coshx dx = % e sinbx + biz e™ cosbx + ¢,

2

Dividing by [1 + Z—ZJ , we finally get

ax

Iea"cosbx dx = — 2 (b sinbx + a cosbx) + ¢,
a‘ +

where ¢ = — 3 , as the required integral.
a’ +b?

Similarly, the integral of the type J' e®sin bx dx can be obtained.

And now some exercise for you.

(@) Evaluate the following integrals :

] dx

| .
0 I 9x% —12x + 8
.. X dx

i - -
i I x*+x2 41

(i) I (tanx)° sec? x dx

. dx

\Y;

() I e* +1

(v) COLX_ 4x
In sin x
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(vi) I = _1

(vii) j

(e* +e‘x)

(viii) j x sec? x2 dx

(sin™ x)
IX
) | JT
3
) j—(“'):”‘) dx
(cosec X)
(i) I(1+cotx)

(b) Evaluate
0] I x21n x dx

(i) I x cosec? x dx
(i) I e cos 4x dx
(iv) I sin™! x dx

I x tan~! x dx

-1

(VI) J‘ X Sin~ X
1/(1
v I (1+x)

3.5 INTEGRATION OF RATIONAL FUNCTIONS

We know, by now, that it is easy to integrate any polynomial function, that is, a

function f given by f (x) =a, x" +a, ; x" ! +...+ a,. In this section, we shall see

how a rational function can be integrated. 103
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Definition
A function R is called a rational function if it is given by R(x) = %,
where Q (x) and P (x) are polynomials. It is defined for all x for which
P (x) =0. If the degree of Q (X) is less than the degree of P (x), we say that

R (x) is a proper rational function. Otherwise, it is called an improper
rational function.

3

Thus f(x) = — is a proper rational function, and g (x) = XX *>
X+ X+ 2 X—2
is an improper one. But g (X) can also be written as
9(X) = (X2 + 3x + 6) + 172 (by long division).
X —

Here we have expressed g (x), which is an improper rational function, as the
sum of a polynomial and a proper rational function. This can be done for
any improper rational function.

3.5.1 Some Simple Rational Functions

Now we shall consider some simple types of proper rational functions, like

1 1 and X—m

Xx—a (x—b) ax? +bx +c
these functions through some examples.

. We shall illustrate the method of integrating

EXQMD 1€ 3. 10 | o ——

1

Consider the function f (x) = T
x+2)

Solution
To integrate this function we shall use the method of substitution.

Thus, if we put u=x+2or (;_u =1, and we can write
X

1
—————=+cC
3(x +2)

-3
J. ! 4dx=I i“du=u—+c=
(x+2) u -3

Example 3.11 ‘—

Consider the function f (x) = 22)(—+3 .
X° —4x+5

Solution
This has a quadratic polynomial in the denominator. Now

2X+3 2x — 4 7
——WX=| 5V——dX+ | ——dXx.
I x2 —4x+5 I x2 —4x +5 j x2 —4x+5

Perhaps you are wondering why we have split the integral into two parts.

The reason for this break-up is that now the integrand in the first integral on
9'(x)

the right is of the form
9(x)

; and we know that | %((:)) dx =1In|g(x)| +c.



2X —4

Thus I dx = In |x? — 4x + 5| + c;.
X2 —4x+5

To evaluate the second integral on the right, we write

S SV S SV S )
X“ —4x+5 (x°—-4x+4)+1 x-2)°+1

Now, if we put u=x—2,j—u=1 and
X

j%dx:j 21 du=tantu+c,=tant (x-2) +¢c,
X® —4x+5 u®+1

This implies, [ —2 >

dx=1In|x? —4x+5/+7tan"t (x-2) +c.
X“—4x+5

3.5.2 Partial Fraction Decomposition

You must have studied the factorisation of polynomials. For example, we know
that

G -5X+6=(x-2)(x-3)
Here (x — 2) and (x — 3) are two linear factors of x?> —5x + 6.

You must have also come across polynomial like x? + x + 1, which cannot be

factorised into real factors. Thus, it is not always possible to factorise a given
polynomial into linear factors. But any polynomial can, in principle, be factorised
into linear and quadratic factors. We shall not prove this statement here. It is a
consequence of the fundamental theorem of algebra. The actual factorization of a
polynomial may not be very easy to carry out. But, whenever we can factorise the
denominator of a proper rational function, we can integrate it by employing the
method of partial fractions. The following examples will illustrate this method.

Example 3.12 ‘—

5)2( ~1 4x. Here the integrand 5)2( -1
X =1 X =1

Let us evaluate J. is a proper rational
function.
Its denominator x? —1 can be factored into linear factors as :

x2 —1=(x-1) (x+1)

This suggests that we can write the decomposition of

5x -1 . )
into partial
x2 —1 P
fraction as :
5x -1 5x -1 A B

o1 x-D(x+D) =1  (x+1)

If we multiply both sides by (x —1) (x + 1), we get
5 -1=A(XxX+1)+B(x-1).
That is 5x-1=(A+B)x+ (A-B)

Indefinite Integrals
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Mathematics-11 By equalling the coefficients of x, we get A + B = 5. Equating the constant
terms on both sides, we get A—B =—-1.

Solving these two equations in A and B, we get A=2and B = 3.
5x -1 2 3
= +

Thus, =
x2 -1 x-1 x+1

Integrating both sides of this equation, we obtain

'[5)2(_1dx: de+J‘ 3 dx
xc -1 Xx-1 X+1

=2In|x-1+3In|x+1+¢c

Let us go to our next example now.

Example 3.13 ‘—

Take a look at the denominator of the integrand in j ﬁ dx.
X" —oX +

It factors into (x —1)® (x + 2) . The linear factor (x — 1) is repeated twice in
the decomposition of x* — 3x + 2. In this case, we write

X A B C
3 - + + 2
X°=3x+2 X+2 x-1 (x-1)

From this point, we proceed as before to find A, B and C. We get
X=AX-1?>+BX+2)(x-1)+C (x+2)

We put x =1, and x = — 2, and get Czéand Az—é.Thentofind B, let us

put any other convenient value, say x = 0.
Thisgivesus 0=A-2B+2C

or 02_3_25+g
9 3
. 2
This implies B =9
Thusj%dx:—gj. L dx+g_|. de+lj ! 5
X? —3x+2 97 x+2 9J x-1 37 (x-1)
:—gln|x+2|+gln|x—1|—1L+c
9 9 3 (x-1
2 x—1 1
=—1In - +C
9 x+2| 3(x-1

In our next example, we shall consider the case when the denominator of the
integrand contains an irreducible quadratic factors (i.e. a quadratic factor which
cannot be further factored into linear factors).
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To evaluate

J 6x° —11x° + 5x — 4
x* —2x3 + x? —2x

dx

We factorise ~ x* —2x® + x? —2x as x (x - 2) (x? +1).

) 6x° —11x2 +5x—4 A B Cx +D
Then we write I =4 +
o3 xP-2x o x (x-2)  x?+1

Thus

6x3 —11x% +5x —4=A(x - 2) (x> +1) + Bx (x> +1) + (Cx + D) X (x — 2)

Next, we substitute x =0, and x = 2, to get A= 2 and B = 1. Then we put
x=1and x=-1 (Some Convenient values) toget C=3and D =-1.

dx+J‘ de

3 2 _
Thus, J- 6x° —11x“ +5x -4 .
X“+1

x* —2x% + x% — 2x

dx=2I %dx+I "

=2|n|x|+|n|x—2|+§j22—xdx—j de
27 x°+1 X +1

=2In|x|+|n|x—2|+§|nj IX? +1]—tan"t x + ¢
[ S e e

Thus, you see, once we decompose integrand, which is a proper rational function,
into partial fractions, then the given integral can be written as the sum of some
integrals of the type discussed in previous examples.

All the functions which we integrated till now were proper rational functions.
Now we shall take up an example of an improper rational function.

Example 3.15 ‘—
X3 + 2x
Let us evaluate I —— dx.
XS —X-2
Solution

Since the integrand is an improper rational function, we shall first write it as
the sum of a polynomial and a proper rational function.

3
;<+2x S (x+1) + 25x+2
XS —x-2 XS —X-2
3
X” + 2X 5x + 2
Therefore, —— dx=| xX+D)dx+ | ———— dx
J.xz—x—2 I J.xz—x—2
dx dx
=| xdx+ | dx+4 +
I -[ -[X—Z -[x+1
3 2
Hence '[;(Jr—zxdx=x—+x+4In|x—2|+|n|x+1|+c
XS —X—2 2

Example 3.14 ‘—

Indefinite Integrals
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Try to do the following exercise now.

Evaluate
) X
1 —dx
0 I x> —2x -3
.. 3x-13
1 —dx
(i J. x% +3x-10
2
(iii) J- 6X +222x—23
2x—-1) (x“+ x—6)
2
(iv) ,[ X +2x—1 dx
x=1) (x*=x+1)
2
X
\Y dx
W |7
2
. X +4
VI dx
i) J- X2+ 2Xx+3

3.6 INTEGRATION OF IRRATIONAL FUNCTIONS

The task of integrating functions gets tougher if the given function is an irrational

one, that is, it is not of the form %. In this section, we shall give you some tips
X

for evaluating some particular types of irrational functions. In most cases, our

endeavour will be to arrive at a rational function through an appropriate

substitution. This rational function can then be easily evaluated by using the

techniques developed in Section 3.5.
Integration of Functions Containing only Fractional Powers of x

In this case, we put x = t", where n is the lowest common multiple
(I. c. m.) of the denominators of powers of x. This substitution reduces the
function to a rational function of t.

Look at the following example.

Example 3.16 ‘—

1/2 1/3
Let us evaluate I XT3

1+ x/3



Solution Indefinite Integrals
We put x = t°, as 6 is the |. c. m. of 2 and 3. We get

1/2 1/3 3 2
J~2x + 3X d=6j 2t° + 3t 65 dt

1+ xV3 1+1t?

=6j 2t8 + 3t7

1+1t2

dt=6j 25 + 35 2t 3 2% 13- 2 2| gt
1+ t2

_6| 27 te 25 344,243,300
7 2 5 4 3
_12 716 o 12 56 9

x"/6 1+ 3x §X2/3+4X1/2 +9xM3 —12xM8 —9In|1+ x3|+12tan "t xV6 +c

2t—%|n(1+t2)+2tan‘1t} +c

Integrals of the Types
(i) j Jx2 —a? dx, (ii) j Jx2 +a? dx
(iii) I Ja? — x? dx, (iv) I Jax? + bx + ¢ dx
I (Px + q) yax? + bx + ¢ dx

Now, let us evaluate the above integrals.

(i) Let! =j (X% —a? dx

Integrating by parts taking 1 as the second function, we have

| =x+/x% —a? —I .2 2X

2" 2 a2
] e

2

x* —a® +a’
=xyx*-a? - | —0———=-d
x* —a’
dx
=x\/x2—a2—j\/x2—a2 dx—azj
x* —a’

2

21 =xx? - a? —a?log(x+w/x2—a2)+c

2

Izgwlxz—az —a?(logx+w/x2—a2)+c

Similarly
2
(i) J. X2 +a? dx:%x\/x2+a2 +a7log(x+\/x2+a2)+c,and
2
iii a2 X2 dx=—xqa?—x2+ & sint X ¢
2 2
a
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(iv) J‘ Jax? + bx + ¢ dx

b c
ax2+bx+c=a[x2+—x+—

a a
( bT c b2
=al|x+—| +|=—-—
2a a 432
2
Put VUL S L .

2a a 432

Then the integral is reduced to any of the forms (i), (ii) or (iii).

(v) J- (Px + q) yax? + bx + ¢ dx

Choose constants A and B such that
Px+q:A[i(ax2 +bx+c)}+B
dx
=A(2ax+b)+ B

i.e. 2aA=p, Ab+B=q

Thus the integral is reduced to

A.[ (2ax + b) yJax® + bx + ¢ dx+BJ' Jax? + bx + ¢ dx

— Al, + Bl,
Ilzj‘ (2ax + b) yJax? + bx + ¢ dx
Put ax? +bx+c=t

(2ax + b) dx = dt

3/2+

i.e. Ilzé(ax2 +bx + c) C,

Similarly, I, = [ yax® +bx+c dx which can be worked out as
in (iv).

. (V) can be determined.

Example 3.17 ‘

Evaluate '[ 4 x% dx.

Solution

J‘ 4 — x? dx:‘[ \/22—x2 dx
=%xw/4—x2 +2$in’1§+c.



Example 3.18 ‘
Evaluate '[ X% +2X + 5 dx
Solution

J. \/x2+2x+5dx=.|. \/(x+1)2+4dx

Put X+ 1=t, then dx = dt

_[ \/x2+2x+5dx:J‘ w/t2+4dt=J‘ Jt2 + 22 dt
=%t t2+4+%.4log(t+\/t2+4)+c
=%(x+1)\/x2+2x+5+2|og[(x+1)+\/x2+2x+5}+c

Example 3.19 ‘
Evaluate _[ X 4/1+ X — x? dx
Solution

Let x=A{i(1+x—x2)}+B
dx

=A(@l-2x)+B

ao lpl
2 2

Thus J.x\/1+x—x2 dx:—%'[ (1-2X) Y1+ x — x2 dx
+%I \/1+x—x2 dx

——EI +1I
2 172

Ilzj (1—2x)\/1+x—x2 dx

Put 1L+ x — x2) dx = dt
Then  (1-2x)dx=dt

2
L=t dt =t

N w

+C

2 3
=§(1+x—x2)2+c1 (D)

Indefinite Integrals
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Put X —==t, then dx =dt

2
[ 2 2
|2_I ‘/Z_t dt

=lt1/§—t2+l.§sin’1£+c2

2 V4 24 J5

1 2 5 . 12x-1

=2 (2x-DA1+x-Xx"+=sin"- —=+cC

4( ) 3 \/g 2
Hence _[xw/1+x—x2 dx

3
1 2.5 1 2 5 . 12x-1
= (L+x-%x)2+=(2x-1 41+ Xx—-X> +—sin +cC

3( ) 8( ) 16 J5

Integrate the following functions :

(i) Yx®+4x+6
(i)  (x+1)42x®+3
(i) 1+ 3x — x?

3.7 INTEGRATION OF TRIGONOMETRIC
FUNCTIONS

If the integrand is a rational function of sin x or cos x or both, it can be reduced to
a rational function by substituting t = tan g

2
Then ﬂ:seczf.lzlﬁ
dx 2 2 2
e dx = 2dt2
1+t
1—t2 2tani
. - . 2
sin X = 5 COS X = 5 assin x =
1+t 1+t 1+ tan?2 X
1—tan? %
and cosx:—)z(.
1+tan® =
2
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Example 3.20 ‘—

1+sin x
sin X (1 + cos X)

Evaluate j

Solution

Let tan X t,
2

2t
. 1+ 5
J- 1+sin x q _J~ 1+t 2 dt
2t

X = .

sin x (1 + cos X) 1-1t2| 1+t2
2|1t 2
1+t 1+t

Then

2
=2J. 1+t2+2t . dt
2+[1+t°+1-1t7]

2
2 t 2 t

2
:l Iogt+t—+2t+c
2 2

=£Iogtan5+£tan25+tan5+c
2 2 2

Integrate the following :

. 1

) 5+ 4 sin x
.. 1

(i) 2+ cos 6
(iii) !

1+ sin X + cos X

3.8 SUMMARY

The main points covered in this unit are

o Given the derivative of a function, the process to find the function is
called antidifferentiation and the result of antidifferentiation is
called an antiderivative.

Indefinite Integrals
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The indefinite integraIJ' f (x) dx denotes the class of all

antiderivatives of f.

(a) ij(x)dx:Kj f (x) dx

(b) j [f(x)ig(x)]dx:j f(x) dxij g (x) dx
By the method of substitution :
@ [ fod=] flo®1¢ @ dt

(b) j [f 001" /(%) dx:%, where n+1%0

© ‘;((:)) dx = In|f (x)].

By the method of integration by parts :

Integral of product of two functions = first function x integral of
second function — integral of (derivative of first function x integral of
second function).

PX)

A rational function f of x is given by f (x) = W where P (x) and

Q (x) are polynomial in x. It is called proper if the degree of P (x) is
less than the degree of Q (x). Otherwise it is called improper.

To integrate a proper rational function, we decompose the
denominator into either linear or quadratic factors.

Some rules to integrate irrational functions are

(@) To integrate functions containing only fractional powers of x,
put x =t", where n is I. ¢. m. of denominators of powers of x.

(b) Rational functions of sin x or cos x or both can be reduced to a

rational function of t by substituting tan % =t and then can be

integrated.

3.9 ANSWERS TO SAQs

SAQ 1
()
(i)
(iii)

SAQ 2

(i)

5x% + ¢

xt ot

— 5x?
2

+C

X9

@) ?+c



(i)

(iii)

(iv)

(v)

(vi)

SAQ 3
@

(b)

(©)
(©)

(b)
(©)

(b)

(©)
(a)

(b)

(@)

(b)

(b)

(i)

(i)

(iii)

e —e ¥ +4x+cC
2
4 sin x+3005x+ex+7+c

4tanh X + X —4x° + ¢
2sint x+5In|x|+c

2
J~ 2 (x +1)+3dx

x% +1

=2j dx+3.[ X21+1dx

=2x+3tantx+c

ax*  bx®  ox?
—+—+—+dx+¢
4 3 2

«2
7—2x+|n|x|+c

dx

J~ sin4x+cos4xdx_‘[ (sin? x + cos? x) — 2 sin? x cos’ x

2

sin? x cos? x sin? x cos? x

dx

J- 1— 2sin? x cos? x
sin® x cos? x

2

dx+.[
C0S“ X

=J- — dx—ZJ.dx=—cotx+tanx—2x+c
sin© x

3 5
6x—ﬂx2+§x2—gx2 +cC
3 2 5

L1322, ¢
6 3

L ant 2x° +1 +c
NE] NE]

1
“tan® x+c
6
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Mathematics-11 (iv) x—In|L+ ex)l e

(v) Inj(In|sin x|)|+c
(vi) log|(e* -1)|-x+cC
1

.. 1
(vii) —Eer c

(viii) %tan X%+ ¢

(ix) Putsin™ x=t

=1 N2
So ;dx=dtand_[ (sin " x) dx:J-tZdt
1 2

1-x? 41=X
3

=—+C :l(sin‘lx)3 +C
3 3

() %(1+ log X)* + ¢

(xi) —=Inj@+cotx)|+c
3

®) () (3In|x|—1)%+c

(i)  Injsin x)| - xcot x + ¢

3x ;
(iii) e”" (4 sin 4;(5+ 3 cos 4x) i

(iv) xsinix+y1-x%+¢

(v) I x tan~t x dx

2 2
_ X 1 X
=(tan"tx). — - = dx

( ) 2 2-[ 1+ x2
2
=X—tan‘1x—l 1- 1 5 dx
2 2 1+ x

2
:X—tan‘lx—1x+£tan‘lx+c
2 2 2

=1(x2+1)tan‘1x—lx+c
2 2

(vi) —d¢cos ¢ +sin ¢ +c, where ¢ =sin"tx

eX
1+ X

(vii)
SAQ 4
0] %In|x—3|+%ln|x+1|+c

(i) 4In|x+5]-In|x-2|+c
116



(i) 6x2 +22x-23  6x?+22x-23 A .. B C
@2x-) (x> +x-6) (@x-1)(x+3)(x-2) 2x-1 x+3 x-2
6x2 +22x—23=A(X+3) (x-2)+B(Xx—-2) (2x -1 +C (2x =1) (x + 3)

x=2=C=3
X=-3=B=-1

X=£:>A:1
2
2 —_
(2x -1 (x* + x—6) 2
2 p—
(iv) X +2X 1 dx = A . §X+C
(x=1) (x“ —x+1) x-1 x?>_-x+1

X2+ x-1=AX?>-x+1)+(Bx+C)(x-1)
x=1=A=1
.. We have

X2+ x-1=x*-x-1+ Bx2+(C—B)x—C

Thus 1=1+8B
B=0
Also -1=1-C
C=2
2
J- X +2x—1 dx — dx +2J- ' dx
(x =1 (x* =x+1) x-1 X —x+1
4 1 2x-1
=In|x -1+ — tan +C
x-3+— N

(v) sz"_az dx

x> —a%+a’
=I 2 7% 79 dx

x? —a®

3.2

dx

=I dx +
x% — a

2

:Idx+a— {1 - }dx
2a X—a X+a

X—a

X+ a

a
=x+—1In

+C

2
. X“+4

Vi SAT M S ¥
(Vi) J.x2+2x+3
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Idx I 2x -1

x2 +2x+3
=Idx—f 22X_2 dx + — 3 dx
X°+2X+3 X5+ 2X+3

3 1 X+
:x—ln|x2+2x+3|+—tan 1f+c

Ny

SAQ5

() X;2,1x2+4x+6+log(x+2+,/x +4x+6j+c
3
(i) %(2x2+3)2 > 2x2 +3+¥Iog[x+1{x +—]+c

(i) 2X4_3\/1+3x+x +1—sm1( 133J

SAQ6
) (5 tan g + 4)
(i) 3 tan~ e

(i) % tan [% tan %J +c

(i) log (1+ tan gj +cC
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