UNIT 7 INDEFINITE INTEGRATION
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7.1 INTRODUCTION

In the previous unit, we have studied the differentiation of some functions.
Here, in this unit we are going to discuss the reverse process of differentiation
known as integration.

In this unit, we will study the integration of some commonly used functions in
section 7.3, integration by substitutions in section 7.4, integration by using
partial fractions in section 7.5 and integration by parts in section 7.6.

Objectives

After completing this unit, you should be able to:

o evaluate the integration of some commonly used functions;
e evaluate the integration by substitution method,;

o evaluate the integration using partial fractions; and

e evaluate the integration by parts.

7.2 MEANING AND TERMINOLOGY USED

Notations

You have become familiar with the concept of summation discussed in Unit 3
of this course, i.e. MST-001. In fact, summation is convenient way to represent
the sum of discrete values only. If the variable is continuous, then the
summation cannot be used in the way it is used for discrete values. Summation
is obtained by the process of integration in case of continuous variable.

Origin of integration lies in the process of summation. In mathematics, the
words “Summation” and “Integration” are used for the words “to unite”.

In previous unit we have studied differentiation. The integration is just the
reverse process of differentiation. Actually, it is an antiderivative of a function.
That is, if f'(x) is derivative of f(x) and hence f'(x) is derivative of f(x) + ¢
(" derivative of constant is zero). And therefore, f(x) + c is the integration of
f'(x).
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Integral of a function f(x) w.r.t. x is denoted by _[f(x)dx

,where f(x) is known as integrand, dx reflects the message that integrand is to
be integrated w.r.t. to the variable x and the entire process of finding the
integral of integrand is known as integration. The symbol J' has its origin

from the letter S, which was used for summation.

Let us consider a simple example first and then give a list of the formulae.
2

We know that the function x is the differentiation of X? +C W.I.t. X.

XZ
- + c is integration of x.

2
. X . . .
i.e. J'xdx = —2 + ¢, where ¢ is known as constant of integration.

Similarly, integration of other functions can be obtained. Integrations of some
commonly used functions are listed in the following table.

List of Formulae of Integration

S. | Function f(x) J‘f(x)dx

No.

1 | k (constant function) kx + ¢, where c is
constant of integration

2 Xn Xn+1
+Cc, h#-1
n+1
3 |1 log[x| + ¢
X
4 b n n+1
(ax+ ) M+C, n=-1
a(n+1)
5
! 1 log[ax + b|+¢
ax+b a
6 | Exponential functions o ogm
mlog,a|
. mX4n amx+n
(i) a™* (i) ———+c¢
m loglal
i) e ax
(i) (i) £ +¢
a
(|V) eaX+b eaX+b
(iv) +C
a
Remark 1:

If f, g are integral functions such that f + g, f — g, are defined and a, b are real

constants, then
(i) j a(f(x)dx =a j f(x)dx

(ii) j(af (x) £bg(x))dx = ajf(x) dx + bJ.g(x)dx



7.3 INTEGRATION OF SOME PARTICULAR
FUNCTIONS

In this section, we learn how the formulae mentioned in the table on previous
page are used.

Example 1: Evaluate the following integrals:

(i) j /5dx (ii) j 0dx (iii) j max (iv) j x3dx
712 . 1 . 1 o 1
(v) J'x dx (vi) J'X—sdx (vii) J'de (vm)_[@dx
(ix) j(x +X+5)dx (X) j(x +1)(x —1dx (x.)j -x! +1olx
x*+x3+3 . 2
(XII)J.4dX (X|||)J'{\/§+ﬁjdx (xiv) J.(XJF;j dx
1 2
(xv)J'(Bx3 +2X —3+?+Fde

Solution:

--+/Bisaconstant andif Kis
(i) jJde: JBx +¢

constant then J' kdx =kx +c
where c is constant of integration.

Note: Constant of integration c is added everywhere, so in future we will not
write ‘where c is constant of integration’.

(i) Ide: OX+c=c as 0 is constant
(iii) Indx=nx+c as m Is constant
3+1 4 B n+l
(iv) jx3dx=x re=21¢ '.'J'x“dx=X +C
3+1 4 | n+1
X%H' 2 g B Xn+1
Ix7/2dx=—+c=—x2+c '.'J'x“dx= +C
7.4 9 i n+1
2
—5+1
(vi) J'Xisdx:J'x‘sdx=i(5+l+c=—%x‘4+c
n+1
{.’IX“dXzX +c}
n+1
-7/2 ke 2 -7/12
(vii) J' 7lzdx:jx dx__ ; +C__§X +C
n+l
{J'x”dx=x +c}
n+
1 1 173 28 3 o
(viii) Iﬁdx J'mdx J'x dx_erc_Ex +C
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4 2
ix) [(x®+x+5)dx = [x3dx+ [xdx+ [5dx ==X+ 45x+c
) [( ydx = | [xdx+] 7/

(X) j(x2 +1)(x —1)dx = j(x3 —x2 +x —1)dx

n+1

X4 X3 X2 J.X dX— +C
ZT—?-F?—X-FC n+1
andj.kdx=kx+c
x® —x*+1 x® x4 1
(Xl)J. 2 d —J.[X—Z—X—Z-F? X=I(X4—X2+X 2)dX
X5 X3 X—l X5 3
= - 4+ e —="n ¢
5 3 -1 5 3 X

(X“) J‘Lx_i_gd

I[X_4+X_3+ij
o NRRN

LSS S, SO VLT B L v
9/2 712 1/2 9 7

dx=J.(x7’2 +x%72 +3x‘1’2) dx

(Xiii)J. \/;Jri dX:J‘(X1/2+X—1/2)dX: X3/2+X1/2+C
Vx 312 112
5 3
:§X2+2\/;+c
(X'V)I(“ jdx I( +—+2x jdx
Ry, V7 ]
:I(X2+X_2+2)dX=X—+X—+2X+C=X——£+2x+c
3 -1 3 X
(xv) I(st +2X—3+i2+%jdx =J'(8x3 +2X -3+ X2 +2x%)dx
x? X
8x*  2x° x1  2x?
=——+—-3X+—+ +C
4 2 -1 -2
=2x4+x2—3x_£_i2+c
X X

Now, you can try the following exercise.

E 1) Evaluate the following integrals:
. 1) i} 1Y
(i) I(XZ +X_2j dx (i) I{&+ﬁj dx  (iii) j(a—s)dx

(iv) j &{& +%jdx (v) j (x* +D)(x? +1)dx (i) j ))((—r:dx

(vii) j (x +§j{x3 +%}dx
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Example 2: Evaluate the following integrals:
j(2x+3)5dx (ii) j(s—gx)edx (iii)j(9x+5)3’2dx

(iv) j\/s 3xdx (V) j(?’*zx)

712

W] (7x+2)° o

Indefinite Integration

(vii) | - 5olx (viil) [e*dx  (ix) [2"% ™% dx
V3X +
j a¥dx (xi) j e dx (xii) j e 7dx
(xiii) ja“de (xiv) j(5e7X+x2)dx (xv) j(aX+eX+aa+ea+a6)dx
(xvi) I5X2de (xvii)jz—:dx (xvm)J'( b )’ dx
(XiX) J'(ealogx +ax|ogaa+amlogaa)dx
(xx) J.{ +(5x-3)° +xf+m+a jdx
Solution:
N By 0 (ax+Db)™?
Q) j(2x+3)5dx:%+c : f(ax-+)"dx = a(n +1)
Here a=2,n=5
_ (2x14;3)6 e
§ 0 (ax+Db)™?
(i) [ (5-9%)°dx _% : f(ax-+)"dx = a(n+1)

Herea=-9,n=6

1 7
=——(5-9%) " +c
ol )

(Ox +5)°
—x9
2

j(ax+ b)"dx =

(iii) j(9x+5)3’2d a(n +1)

Herea=9,n=3/2

=4£5(9x+5)5’2 +C

6
1 = 6
(iv) [¥/8=3x dx = [ (8-3x)%dx =(g_i)5+c ~T28-3x)5 +¢
5.3 18
5 -
-.-I(ax+b)”dx _ (ax + b)"*
a(n+1)

| Herea=-3,n=1/5

7
71 m

()j(3+2x) dx = [ (3+2x)? 2dx

=j(3+ 2x)% dx

(ax +b)"**

+C
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4

4x2

1
8

(3+2x)* +¢

(ax + b)"*

(vi) jﬁdx = j(?x +2)3dx

-2
_(71x+2) ie

—-2x7

j(ax+ b)"dx =
a(n+1)
Herea=2,n=3
[ (@x+b)"dx _ (ax+ )™
a(n+1)

Herea=7,n=-3

= —i(7x+2)‘2 +C
14

(vii) j\/gxl_+5 dx = j(3x+5)‘

1/2

E><3
2

=—4/3X+5 +¢C

1/2
dx

(ax +b)"** %
a(n+1)
Herea=3, n=-1/2

j(ax+ b)"dx =

5

(viii) Ies'ogmdx J'e'og“x‘:‘ dx = I(Sx 5)2 dx [ g% f(x)}

~ (3X _ 5)7/2

~(712)(3)

+c=—(3x—5)7’2 +C
21

() [ 800 45y [Vax+sdx  [a" =f(x)]

_ (4x+5)*?

 (3/2)x4

J'asx
3Iog|a|

3x

. Ix e
Xi e*dx=—+c
o) | .

5x+7
e+

(xii) j > dx = +c
3-2x
(i) [a®ax=————+c
—2log|a|

. 5 x3
xiv) [(5e™ +x?)dx = —e’* + 2
(xiv) [( Jox =—e™ + =

c=g(4x Ny

Iamxdx = _an
mlog a|

| Herea=a,m=3

eax
e¥dx=——+c
a

| Herea =3

eax+b
J‘eax+bdx _h +c
a

| Herea=5b=7

J'amx Ll a—
m log|al

mx+n

Here m=-2,n=3

+C



X
+e¥ +a'x+e*x+a’x+c
logjal

Here a?,e?,a’ all are constants

(xv) _[(a" +e*+a% +e* +a%)dx =

andif k isconstant thenJ' kdx=kx +c

X Xd — a
(xvi) I5X2de=I(5.2)de=I10de= 107 ¢ Ia X Iog|a|JrC
log10
| Herea =10 ]
X I Xd aX ]
X .. —
(xvii) jz—dx=j(2/3)xdx=M+c : [aox logla] "
3% log2/3
| Herea =2/3 |
X
= ARBE, .
log2—log3

2x 2x Xa X
(xvm)j(a Xbx) dx = [ *bXb_xza D" ix [+ (a—b)? = a2 +b? — 2ab]
a

Cpf @ b¥ 2a%p* ) fa* b
_J.[axbx +a"b" a*p J I[ +a 2}
=J.((a/b)x+(b/a)x—2)dx

_ @iy by, { T }

logla/b| log|b/a| logm|

- a X m
(XIX) J'(ealogx+axlogaa+amlogaa)dX:J'elogx +a|ogaa +a|ogaa )dX

= [(x* +a* +a™)dx [+ 2" ") =F(x)]

Xa+1 X
L = _+a™x+c
Ta+l log|al
[--a™is a constant quantity |
(xx) J.{—JF(SX 3)° +xf+m a}dx

= j{§+ B5x—-3)° +x¥? +(5+2x) % + aa}dx

2 4 5/2 1/2
i (5x-3) LXT (5+2x)

E +a®x+c
3x2 4x5 5/2 2x1/2

2 _a\4
X OX=Y 2 e +(5+2x)Y2 +a*x+c
6 20 5
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Now, you can try the following exercise.

E 2) Evaluate the following integral:

(i) J.(ax—i-exax-i-ijdx (ii) J‘(32Iog3x +3xlog3a+aalogax +aa|ogaa)dx
a

Example 3: Evaluate the following integrals:

~rl o 3 5 . 7 3
i) |—d i) |—d i) | ——dx (iv) | ——dx (v d
()J.XX ()J.XX ()J.x+lx()-‘.5x+2x()-..9—2xx
Solution:
(i) J'de: log[x| + ¢ [Using formula 3 of the table]

X

(ii) Jédx s 3Jédx =3log|x| +c [Using formula 3 of the table]

(iii) j%dx = 5log|x +1 +¢ [Using formula 5 of the table]

7log5x + 2
(iv) I ! dx = g| * | +C¢ [Using formula 5 of the table]
5x +2 5

= %Iog|5x +2+c

v | 3= 0002

[Using formula 5 of the table]
9-2x (-2)

= —glog|9—2x| +C

Remark 2: In solving these examples you have noted that integration is in fact
anti derivative of a function.

For example, consider (ix) part of Example 1
4 2

Let f(x) = x* +x +5 then If (x)dx = XT + X? +5x + ¢ (already calculated)

4 2
Now, let F(x) =XT+X?+5X+C
Diff. w.r.t.x
d 43 2x

—(F(X)) =——+"=+5+0 =x3+x+5
dX( () 4 2

Thus, we note that if If(x)dx = F(x) then dd—X(F(x))z f(x)

i.e. integral F(x) of f(x) is indefinite because of the presence of arbitrary
constant c.

In the next unit you will meet definite integral, where ¢ will be cancel out.
(Refer section 8.2 of Unit 8 of this course, i.e. MST-001).

7.4 INTEGRATION BY SUBSTITUTION

In section 7.3, we have taken into consideration the integrations for which a
formula can directly be used. But sometimes integrand cannot be directly



integrated using standard formula. In order to convert it into a form for which Indefinite Integration
standard formula can be applied, we substitute some function in place of some

other function and this technique of obtaining the integration is known as

integration by substitution method.

Substitution Method

dx, then

If integral is of the type I(f (x))" " (x) dx orj (:(l())())n
X

Step |  We substitute f(x) =t .. (1)
Step Il Differentiate on both sides of (1)
Step 111 Change the given integral in terms of t

Step IV After simplification, if necessary, we get one of the standard forms
discussed in Sec. 7.3. Using appropriate formula we can obtain the
integral of given integrand in terms of t.

Step V Replace t in terms of x, we get the desired result after simplification, if
required.
Following example will explain the substitution method and the steps involved in it:
Example 4: Evaluate the following integrals:
9

. X

0] I><1°—Jr1dx (III)Ie +5

. 1 2ax+Db 8x3 + 4x

W) leo X X V) J.ax +bx+cd (I)I(x +x2+1)°

(vii) _[ o dx (vm)j dx (ix) J.(ZaXer)\/ax2 + bx + c dx
2X

& I(1+x2)|og(1+x2)OIX

Solution:

i Letlzjidx )

0] 0.1

Putting x® +1=t
Differentiating

10x°%dx = dt = x°dx = dt
10

(1) becomes

1 dt dt 1
I 10 E 8 = —Iog|t| +C { J'gdy = logly| + c}
7 Iog‘x10 +1‘ +C [Replacing t in terms of x ]

.oy 10
=%Iog(xlo fl)+c { X +1 cannot}

be — veforreal x

Alternatively: We can also put

x0 =t

Differentiating
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.. (1) becomes

1 dt 1.1

10x°dx = dt = x%dx = ft

= ——=— | —
t+1 10 107t+1

=%Iog|t+ﬂ+c
_ 1 10
_Elog ‘x +1‘+c

1 10
=—log(x—™ +1) +c
10 a( )

n-1

. X
(i) Letl= dx
J.x" +a
Putting x" +a =t
Differentiating

nx"ldx = dt = x"dx =

.. (1) becomes

1¢dt 1
1= =[& = Zog|t
nIt nog||+c

1 n
=—log|x +a‘+c
n

eX

(i) Let | Iex s
Putting e* +5=t
Differentiating
e*dx = dt
.. (2) becomes

dx

dt
| = IT = loglt| +c = log

(iv) Letlzjx L ax

0g X
Putting logx =t
Differentiating
ldx =dt
X
.. (1) becomes
dt
I =|— =log|t|+c
[ =toglt|
= log|log x| + ¢
2ax+Db

v)

ax? +bx+c
Putting ax® + bx +¢c =t
Differentiating

68

Letl= I—dx

[I 1 oix= Iog|x+a|+c}
X+a

[Replacing t in terms of x ]

-+ x1% +1 isalways + ve
for real x

. ()

dt

n

{ J'ldx = log|x| + c}
X

[Replacing t in terms of x]

. (1)

e +5‘ +C { J'ldx = log|x| +c}
X

(1)

{ J'ldx = log|x| + c}
X

[Replacing t in terms of X]

. (1)



(2ax + b)dx = dt Indefinite Integration
.. (1) becomes

I =J'%=Iog|t|+k = Iog‘ax2 +bx+c‘+k

where k is constant of integration

: 8x° +4x 4x°% 4 2x
vi) Letl=|—————=dx= (1
W J.(x“+x2+1) J.(x +X? +1) @)
Putting x* +x? +1=t
Differentiating
(4x3 + 2x)dx = dt
.. (1) becomes
ot e o 7
| = th—G—ZIt dt—ZX_—5+C
. %z(x“ +x2 +1)™° +¢ [Replacing t in terms of X]
2x -2X
2 e’ +e
(V”) Letl = Imdx (1)
Putting e?* —e™* =t
Differentiating
(2e% +2e™)dx = dt = (e¥* +e ¥)dx = at
. (1) becomes
ledt 1 1
I==|—==logjtj+c |- |—dx=log[x|+C
1T =goslire [ [Loxoabl<]
=%Iog‘ezx —e?*|+c  [Replacing tin terms of X]
1 1
viii) Let | = | ———=dx = | ———adx (1
— J.X-i-\/; j&(&+l) @

Putting vx +1=t
Differentiating

1k dt = % gt

2J_ Jx

.. (1) becomes

I = 2_[% =2Iog|t|+c=2|og‘\/;+]i+c

(ix) Letl= j(2ax+b) Vax? +bx + ¢ dx .. (D)

Putting ax? + bx+c =t
Differentiating

(2ax + b)dx = dt

.. (1) becomes

t3/2

I—J'\/_dt_erk_—(ax +bx+¢)¥% +k,

where k is constant of integration

69



Fundamentals of
Mathematics-I1

70

2X
dx
1+ x%)log(1+ x?)
Putting log 1+ x?) =t
Differentiating

L 2x dx =dt
1+x

.. (1) becomes

. (1)

(x) Letl= _[

2

| = J'% = log|t|+c = Iog‘log(1+ xz)‘ +c¢ [Replacing t in terms of x]

Now, you can try the following exercise.

E 3) Evaluate the following integrals:

. 2x +1 .

i ——————dx (i) |xvx+adx

W J‘(x2+x+7)5 L I
X__dx (i) | ! dx
X+a @+ x)log(2+ x)

(iii) j

7.5 INTEGRATION USING PARTIAL
FRACTIONS

The integrand may be in the form that it can be integrated only after resolving
it into partial fractions. Here, in this section, we are going to deal with
integration of such functions:

First of all we discuss the process of resolving such functions into partial
fractions:

Important steps for resolving into partial fractions are:

1. Check degree of numerator, if it is less than that of denominator, go to
step 2 and if it is greater than or equal to that of denominator, then first
divide the numerator by the denominator and then go to step 2.

2. We may have one of the following main types of functions which we will
dealt as discussed below:

Type 1 Denominator involve all linear factors with exponent as unity.
X+5
e.g. :
(x-1(x-2)(x—-3)
Step | Let X+S = A + B + ¢ ..
x-D)(x-2)(x-3) x-1 x-2 x-3

Step Il Equate each of the factors of denominator to zero.
ie.Xx-1=0=>x=1,x-2=0=>x=2,x-3=0=>x=3

- (1)

Step 111 Put x =1, 2, 3 every where (in the given expression) but not in the
factor from which it has come out,

1+5 6 . |

= — - _=3, By putting x=1in L.H.S. of (1

203 2 [By putting (D]
2+5 7

StepIVB=—2"> __.*
2-1(2-3) -1

=—7, [Byputtingx=2inL.H.S. of (1)]



] oYW
3-D(3B-2) 2x1
X+5 3 -7 4

< + +
x-D)(x-2)(x-3) x-1 x-2 x-3

4 [By putting x = 3 in L.H.S. of (1)]

StepV andC =

Thus, we may write

R.H.S. is nothing but the partial fractions of the given expression. Here we
note that integration of R.H.S. is directly available, as we will see in the

Example 5 of this unit.
Type 2 Denominator involves all linear factors but some have 2, 3, etc. as
exponents
X2 +Xx+5
eg ————
(X+5)(x+2)

X2 +x+5 A B C D
= + + +

(X+5)(x+2)°* x+5 x+2 (x+2)? (x+2)°

Multiply on both sides by denominator of L.H.S. in this case

by (x +5)(x +2)%, we get

X2 +X+5=A(Xx+2)° +B(x+5)(x +2)*

+C(Xx+5)(x+2) +D(x+5) ...(1)

Step Il Equate each of the factors to zero.

ie.Xx+5=0= x=-5,x+2=0= x=-2
Step 11 Put x = -5in (1) we get value of A, as given below

(-5)% + (-5) +5=A(-5+2)® + B(0) + C(0) + D(0)
= 25=-27TA= A=—E
27
Step IV Put x = -2 in (1) we get value of D, as given below

(-2)% +(=2) +5=A(0) + B(0) + C(0) + D(~2 +5)
7
=7=3D= D= 3

Step V In order to find the values of B, C we have to equate the coefficients
of different powers of x on both sides of (1).
In present case equating coefficients of x3and constant terms, we get
0=A+B ..
5=8A+20B+10C+5D ... (3)
By putting value of A from Step 11l and value of D from step IV in
equations (2) and (3), we get.

0= —§+8203 B=§
27 27

Step | Let

5=8(—3§j+203+100+5(1)
27 3

3100=5+%—2o(§j—3—35:

27
Thus, we may write

Indefinite Integration
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R.H.S. is nothing but the partial fractions of the given expression. Here we
note that integration of R.H.S. is directly available, as we will see in Example
5 of this unit.

Type 3 Denominator involves quadratic expressions. We will not discuss the
problems based on this type, because it will involve the integral
formulae which are beyond our contents.

Type 4 Denominator involves higher powers of quadratic expressions.
This type is also not discussed here because it will involve the integral
formulae which are beyond our contents.

Following example will illustrate how these types are used in evaluating
integrals.

Example 5: Evaluate the following integrals:

. 4x +1 . 3x+4 - 8x
i ———  dx  (ii) | ——dx (i) | ———dx
W j(x—1)(x—2) ( )Ixz—x—12 ( )I(x+l)(x—3)2
2 2
J- X +x+23 (V)IX2+1dX
X+2)(x+1) x- -1
Solution:
(i) Letl :jL X
xX-1(x-2)
Using type 1 procedure asalready
9 discussed.Put x =1every where
= J‘{_—SIJF 2}dx except inx—1and x= 2every
x-1 x-
where except inx—2, we have
Ao 4.1+1:_5' B_ 4.2+1:9
L 1-2 2-1 J

=-5log[x -1+ 9log[x - 2|+ ¢

.. _ 3X+4 _ 3X+4
R e T feww v

_1(16/7 N 517 de Using partial fractions
X—-4 X+3 asdiscussed in type 1

§I0g|x—4|+§log|x+3|+c

7 7

f B—dex (U
X+D(x-3)

Let us first resolve into partial fractions

8x A B C

t = + +
(x+)(x-3)> x+1 x-3 (x-3)?
Multiplying on both sides by (x +1)(x —3)?, we get

(iii)) Let |
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8x = A(x —3)? + B(x +1)(x —3) + C(x +1) .. Indefinite Integration
Putting x =-1in(2), we get [.-x+1=0givesx =-1]
1

~8=A(-1-3)? +B(0)+C(0) = -8 =16A =|A = -3

Putting x =3in(2),weget [.Xx—-3=0givesx =3]
24 = A(0) + B(0) + C(3+1) = 24 = 4C =[C = 6]
Comparing coefficient of x2 on both sides of (2), we get

1
0=A+B=>B=-A> B=§

ff-v2 w2 12 12
"I_I[xﬂ x—3 " (x - 3)} J.|:X+1 x-3 rox=3) }

sx=3"
-1

== Iog|x +1+= Iog|x 3+6

6
=—Elog|x+]4+Elog|x—3|—E+c

2
(iv) Let | = J'L*zs
X+2)(x+1)
Let us first resolve into partial fractions
X>+X+2 A B C D

= + + +
(x+2)(x+1)° x+2 x+1 (x+1)? (x+1)°

Multiplying on both sides by (x +2)(x +1)*, we get

X2 +Xx+2=AX+1)°%+BX+2)(x+1)% + C(X + 2)(X +1) + D(X + 2)...(2)

Putting x = -2 in (2), we get  [-x+2=0givesx = —2]

(-2)% +(=2) + 2 = A(=2+1) + B(0) + C(0) + D(0)

>4=A=

Putting x = —1in (2), we get [-x+1=0givesx = —1]

(-1)? +(-1) +2 = A(0) + B(0) + C(0) + D(~1+2)

=2=D = |[D=2

Comparing coefficients of x> and constant terms on both sides of (2),
we get

0=A+B=B=-A= [B=-14]
2=A+2B+2C+2D=2C=2-A-2B-2D
=2C=2-4+8-4
=2C=2
=1
4 -4 1 2
.'.I=J. + i St 3
X+2 X+1 (x+1)° (x+1)
(x+1)* L 2Ax +1)7
-1 -2
1
x+1 (x+1)°

= 4log|x + 2| - 4log|x +1| +

=4log|x + 2| - 4log|x +1| -

+C
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2
X +1 2
v) LetI:J'XZ_ldxzj‘[lerz_de x? -1)x? +1
2
X% =1
—- 4
2

g —
(x=-D(x+1)

1/2 -1/2 Using partial fractions
= J. 1+2| —+ dx . )
x-1 x+1 asdiscussedin type 1

=X +log|x -1 - log|x +1/ + ¢

Xx-1

=x+lo
gx+1

+C [ Iogm—lognzlog%]

Now, you can try following exercise.

E 4) Evaluate the following integrals:
. 3X +2 e x®+5x+1
i dx _
()j(x—l)(x—Z)(x—3) ()I x? -4

dx

7.6 INTERGRATIONBY PARTS

If uand v are any two functions of a single variable x such that first derivates

of u and v w.r.t. x exist, then by product rule, we have
d dv du

—(uw)=u—+v—

dx dx dx

Integrating on both sides, we have

uv=_|'u%dx+_|'vj—idx

dv du
:Iu&dx=uv—javdx .. (1)
Let u=f(x) and & = g(x) . )

dx
=Y _x) and v=[gx)dx  ..(3)
dx

Using (2) and (3) in (1), we get
[100) 9()dx =1 (x) [g()dx [f '(x)jg(x)dx] dx
Or [1 dx =11 dx—j[;—x(l)jlldx}dx .. (4)

where | = first function = f(x)
I = second function = g(x)

R.H.S. of equation (4) is known as integration by parts of L.H.S. of equation
(4), where I, and Il just indicate our choice between the product of two
functions taking as first and second functions.



Remark 3:

(i) Incase of integration by parts, choice of first and second function is
important as explained in part (i) of Example 6 given below.

(it)  If in the product of two functions, one is polynomial function then we
take polynomial function as first function.

(iii) Integration by parts is one of the methods (techniques) of integration. It
does not mean that integration of product of any two functions exists.

Example 6: Evaluate the following integrals:

(i) [xe*dx (i) [x?e™dx (i) [x®a*dx (iv) [logxdx
Solution:

(i) LetI:J'xede

(1
Integrating by parts (taking x as first and e* as second function)

1= x[e*dx —IK% (x)j“exdx)}dx e,

where ¢, is constant of integration

= xe* —_|'(1)(e")dx+c1 = xe* —_[e"dx+c1 = xe* —(e’< +c2)+ o
where c, is constant of integration

=xe*—e*+c, where c=c, —c,

Let us see what happens if we integrate by parts by taking x as second
and e* as first function:

I= eXJ.xdx—J.Kdd—X(eX)J(J.xdx)}dXJrc1

2 2
=eXX——I e X |dxtc, =22
2 2 '

We see that integration becomes more complicated. So choice of first and
second function is important.

Note: In future we will add c as constant of integration only once.

1 2 AX
—EIX e“dx+c,

(ii) Letl= jx2e3de
I 1l
Integrating by parts (taking x? as first and e as second function)

'/ e3x . e3x
I =X [ 3} J.(Zx)[ E de+c

where c is constant of integration
2,3x
Xe 2
= ——jxe3X dx +c
3 3

Indefinite Integration
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Fundamentals of Again integrating by parts (taking x as first and e as second function)

Mathematics-I1
X263X 2 e3x eSx
| = ——| X -1 @ dx [+c
{5 He(5 )

2,3x 3x
_XeT 2| xe” —lj.esxdx +C
3 3| 3 3
2,3x 3x 3x
:xg —g[%—%}c :%Xzesx_gxesx+%esx+c

(iii) Let I = jx3ade
(I
Integrating by parts (taking x> as first and a* as second function)

X X 34X
I'=(x%) g —I(sz) 2 axre=22 3 [yeardxac
loga loga loga loga
Again integrating by parts (taking x? as first and a*as second function)
34X X X
X2 3 ()| o |- [0 2 |dx | +c
loga loga loga loga

_x%a¥ 3x%a* .6
loga (loga)’ (loga)

> J'xaxdx+c

(]
Again integrating by parts (taking x as first and a* as second function)

34X 2,X X X
=Xa—3xa2+ 6 | a _J-(l) a o
loga (loga)® (loga) log loga
x%*  3x%a 6 xa* a
= - 2t 2 - 7 |t
loga (loga)® (loga)”|loga (loga)

x3a*  3x%a*  6xa* 6a”
loga (loga)® (loga)® (loga)

(iv) Let | = J'Iog xdx = le log x dx
in 1
Integrating by parts (taking log x as first and 1 as second function)

| =(Iogx)(x)—j(§j(x)dx+c =x|ogx—_[1dx+c =xlogx—x+c

Here, is an exercise for you.

E 5) Evaluate the following integrals:
(i) [xZe™dx (i) [x%e*dx
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7.7 SUMMARY

Let us summarise the topics that we have covered in this unit.

! . 1 .
1) Integral of some functions like constant, x" = polynomial,
X

(ax+b)", , exponential whose integral are directly available.

2) Integration by method of substitution.
3) Integration by use of partial fractions.
4) Integration by parts.

7.8 SOLUTIONS/ANSWERS

E 1) (i) J(x +—J dx = J'( +—+2x jdx J'( +—+2j

=I(x + X7 4+ 2)dx

n+1

5 x3  [xdx =2— +c
=X?+X—3+2x+c J. n+1
- andj.kdx=kx+c
5
:X——is+2x+c
5 3x
3
.. 1
(i) {\/;+—j dx = {x +3\/— {\/_-i- ﬂ
o) =1 NG
:J‘(X3/2+X—3/2+3 1’2+3x_1’2)dx
X5/2 X—1/2 3X3/2 3X1/2

= 3 of + +C
5/2 -1/2 3/2 1/2

Xn+1

{.-Ix”dx: +

n+1

_2ys2 12 Loy g X 4c

5 Jx

|

(iii) I(a—S)dx =(a—-3)x+cC [ a—3 isaconstant]

(iv) J‘\/_(\/_Jr—}i I(x+1)dx=—+x+c

(v) j(xa +1)(x° +1)dx = j(xa+b +x% +x +2)dx +c

Xa+b+1 Xa+1 Xb+1

= + +
a+b+1 a+l1 b+1

+X+C,

n+1

{ Ix dx = and Ikdx = kx, wherek s constant
n+1

wherea=-1, b=-1,a+b=-1

|

Indefinite Integration
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Fundamentals of ’ xM n Xm—n+1 p Xn+l
Mathematics-11 (vi) J.—dx = Ix dX =——+c¢c,m—-n=#-1 |- J'x dx =
X" m-n+1 n+1

) 1Y 5 1 s 1 , 1
Vii X+— || X°+—|ldx = || X" +—+ X" +— [dX
( )j( +XJ( +X3J j( +g +X4j
= J'(x4 +x 2 +x2 +xH)dx

X5 X—l X3 X—3 n+l
=—+—+—+—+C J'x dx = X
5 -1 3 -3 n+1

E 2) (i) J(a" +eXa* +§jdx = J(a" +(ea)”* + jdx = (ea)
a

Ioga Iogea 2a
(ii)J'(gzlogsx 3xlogsa +aa|ogax+aalogaa)dx
X a a
3Ioggx 3Iogga +a|ogax +a|ogaa ]dX

J'( +a¥ +x° +aa)dx [-a'%% ) —f(x)]
3

X ax a+l
= + +a®x+c
3 Iog|a| a+1
. 2x+1
E3)() Letl= [— 2" dx . (1)
J‘(xz +Xx+7)°
Putting X2 +x+7 =t
Differentiating
(2x +1)dx =dt
2. (1) becomes
4 _
TL S E U SIS B
t -4 4t 4(X“+Xx+T7)
(i) Letl= J.x\/x+a dx (D)

Putting vx+a =t = x+a=t>
Differentiating
dx = 2tdt

.. (1) becomes

| = j(tz—a)t(zt)dt=2j(t4—at2)dt=2 t_a +c
5 3

s (x+a)5’2 a
5

(x+a)3’2} c

(iii) Let | = j\/x_dx . ()
X+a

Putting vx+a =t = x+a =t
Differentiating
dx = 2tdt

.. (1) becomes
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| = I@tht =2J'(t2 —a)dt =2[§—atj+c

L Z(M
3

—a x+a}+c

. 1
iv) Letl= dx L1
W) J.(1+ x) log(1+ x) @)
Putting log (1+x) =t
Differentiating

de=dt
1+X

.. (1) becomes

dt
| = IT = log|t|+ ¢ = log|log(1+ )| +¢

E4) () Letl= [ &2 dx=j[5/2+ -8 +11/2}dx
(x=D(x—-2)(x—-3) x-1 x-2 x-3

Using partial fractions as discussed in typel, we get
_ 31+2 5 . 32+2 . 33+2 11
(1-2)1-3) 2° (2-1(2-3) ' B3-D)@B-2) 2

:glog|x—ﬂ—8Iog|x—2|+%log|x—3|+c

3
(ii) Let | = IXE—E’X:ldx . (1)
X ="

Dividing numerator by denominator, we can write (1) as

X
9Xx +1 Ix +1
| =[x+ dx = [| x+—————|dx x2—4ix3+5x+1
I{ XZ—J I{ (x—2)(x+2)}

X3 —4x
- +
© Ox+1
| :J[XJF%JFNM}(’X {Usihg partial_fractions}
X—2 X+2 asdiscussed intype 1
x? 19

17 1
< | +7Iog|x -2 +7Iog|x +2+c { jmdx = log|x + a@

XZ

:7+%(19Iog|x—2|+17log|x+2|)+c
x? 1 19 17 n
=7+Z(Iog|x—2| +log|x +2[")+c[~-nlogm=logm"]

2
- X? + % Iog‘(x ~2)¥ (x+2)Y ‘ +C [ logm + log n = log mn]

Indefinite Integration
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E5) (i) Letl= sze-de
Wl

Integrating by parts (taking x? as first and e * as second function)

(e =
I =(x )[ _J—I(Zx)[ _1jdx+c
where c is constant of integration
=—x%*+ ZI xe*dx +c¢
1
Integrating by parts (taking x as first and e ™ as second function)
- = e
I=-x% +2{(x)[ _J—J'(l)[ _de}rc

= X% +2[-xe™* +J'e‘xdx] +C

=-x%* + 2{—xe‘X +[e 1 HJFC

=—x%e ¥ —2xe ¥ -2 +¢

(i) Let 1 = [xx?eXdx ... (1)

Putting x2 =t
Differentiating

2xdx = dt = xdx =%
.. (1) becomes
_ Lt
| = Ejte dt
111

Integrating by parts (taking t as first and e'as second function)

|:%[(t)(et)— [t c - % ' ey % Motiadind

_1 x?-1)e* +¢
> (-1



