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5.1 INTRODUCTION

In Unit 2 of this course, i.e. MST-001 we have discussed, in detail, the concept

of functions and various types of functions. In that unit we have also obtained
the value of the function at certain points. That is, the value of a function f(x)
has been obtained at certain value of x in its domain.

Here, in this unit, we are going to introduce the concept of limit as well as
continuity. That is, we are going to find the limiting value of the function f(x)
when x approaches to certain value. That is, we are interested in finding that
value to which f(x) approaches to as x approaches to the certain value. Also,
this limiting value and the value of the function at certain value of x are
compared to define continuity.

Objectives

After completing this unit, you should be able to:

e get an idea of limit;

e evaluate the limits of different functions;

e evaluate the infinite limit of some functions;

e check the continuity of a function at a point; and

e check the continuity of a function at a general point.

5.2 CONCEPT OF LIMIT

In Unit 2 of this course, we have discussed concept of function, consider a
function

y=1f(x) =3x+2

The following table shows the values of y for different values of x which are
very close to 2.

X 19 198 1998 1.9998 .. 199999998
y=f(x) 7.7 7.94 7994 7.9994 .. 7.99999994
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X 21 201 2001 2.0001 ... 2.00000001
y=f(x) 83 803 8.003 8.0003 ... 8.00000003

We note that as x approaches to 2 either from left (means x comes nearer and
nearer to 2 but remains < 2) or from right (means x comes nearer and nearer to
2 but remains > 2), then y = f(x) approaches to 8 in the same manner.
i.e. as x — 2then f(x) — 8 and we write it as Iin12f(x) =8.

X—>

In general if f(x) — | asx — a then we write it as limf(x) = I.
X—a

In this unit, we discuss how to evaluate lim f(x) in different situations. In this

X—a
unit we shall also discuss the concept of infinite limit, some standard limits, left
hand limit (L.H.L.) and right hand limit (R.H.L.). Finally we shall conclude the
unit after introducing the concept of continuity.

5.3 DIRECT SUBSTITUTION METHOD

Suppose we want to evaluate lim f (x) . This method is applied when limiting

X—a
value of f(x) remains same irrespective of this fact whether x approaches to a
from left hand side (L.H.S.) or right hand side (R.H.S.). As the name of this
method itself suggests, in this method we directly substitute a in place of x.

Before we take some examples based on the direct substitution method we list
some results (algebra of limits) without proof.

If fand g are real valued functions (real valued function means range of the
function is subset of R, set of real numbers) defined on the domain D such that
limf(x), limg(x) both exist, then the following results hold good.

X—a X—a

1. lim(f(x)+g(x)) = limf(x)+limg(x)
2. lim(f(x) —g(x)) = lim f (x) — lim g(x)
3 |imf(x)g(x)=(|imf(x)][|im g(x)]

f(x) lim f(x)

— X—a
xag(x) - limg(x)
5. IimQ/f(x)zQ/Iimf(x)
1 1
lim = —

2 g(x)  limg(x)

provided limg(x) #0
X—a

7. limlogf(x) = Iog(lim f(x))

. lim f(x)
8. limef® =gxa

X—a

lim g(x)
9. Iimf(x)g(x)z[limf(x)j“a
X—a X—a
10. lim kf (x) = k lim f(x), where K is a constant
X—a X—a
11. limk =k, where Kk is a constant

X—a



Remark 1:

(i) These results are used so frequently; that we have no need to mention these
results each time.

(ii) Hereafter, we will use D.S.M. for Direct Substitution Method.
Now we are in position to discuss some examples based on (D.S.M.).

Example 1: Evaluate the following limits:

(i) lim(x® —2x+4) (i) limx(x?—=4) (i) lim @+x+x2 +x3+...+x)
X—3 X—2 x—-1

2
(iv) lim 2 *f (v) lim~/25 - x>
x—>v2 3 x—3

. 2-x2 x#0
vi) lim f(x), where f(x) = '
(vi) limf(x) ) {2, 23
Solution:
(i) Iims(x2—2x+4):(3)2—2><3+4 [ByD.S.M]
X—>.

=9-6+4=7
(ii) IirT12x(x2 —4) =2[(2)*-4]=2(4-4)=0

(iii) Iirr_11(1+x+x2 X3 A = 1+ (D (D2 + (D2 4 (D)

=1+(-D+ Q)+ D+ O+ + (D) + ()
=1+ (50 terms each containing 1)
+ (50 terms each containing (-1))
=1+50+(-50)=1
3 lim (x® +3) 3
() lim X3 o " _(2°43 20243, g
x—>V2 3—x J|%(3—x ) 3_(\/5) 3-4

(v) Iin13\/25—x2 =\/Iin13(25—x2) = 25— (3)2 =+/25-9 =16 = 4

. 2-x2, x=#0
(vi) f(x)= {2, .
mf(x)zlxm(z—xz) [ X —>0=x#0, sof(x)=2-x?]
=2-(02=2-0=2
Remark 2: Limit of polynomial functions is always evaluated by D.S.M.

Now, you can try the following exercise.

E 1) Evaluate the following limits:
(i) |in}(x2—2x+3)xz+l (if) lim log (x*+x%+1) (i) lim3
X—> X—> X—>

(iv) Iirr134f (x), wheref(x) =(x—5)?

D.S.M. discussed above does not always work, in some situations it may fail. In
next section we shall see when it fails and what are the alternate methods in
such situations?
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5.4 FAILURE OF DIRECT SUBSTITUATION
METHOD

Remember, we
cannot cancel 0 by 0.
But here

X —2 isnot equal to
zero because X is
approaching to 2 and
not equal to 2 and
hence x — 2 is
approaching to zero

and not equal to zero.

In mathematics following seven forms are known as indeterminate form, i.e. as
such these forms are not defined.

(i)% (i) 2 (i) Oxoo (iv) w—oo (v) 0° (vi) 1° (vii) o°

So, if by direct substitution any of the above mentioned forms take place then
D.S.M. fails and we need some alternate methods. Some of them are listed
below:

I Factorisation Method

Il Least Common Multiplier Method
Il Rationalisation Method

IV Use of some Standard Results

Let us discuss these methods one by one:

5.4.1 Factorisation Method

This method is useful, when we get %form by direct substitution in the given

expression of the type lim % This will happen if f(x) and g(x) both becomes
X—a

zero on direct substitution.

= both have at least one common factor (x — a).

In this case express f(x) = (x — a) (some factor) and g(x) = (x — &) (some factor)

either by long division method or by any other method known to you. Then

cancel out the common factor and again try D.S.M. If D.S.M. works, we get the

required limit.

If D.S.M. fails again, repeat the same procedure. Ultimately, after a finite
number of steps, you will get the result as the numerator and dominator both
are of finite degrees.

Let us explain the method with the help of the following example.
Example 2: Evaluate the following limits:

2 3
) . X°-4 e . X741
0 I 0 fim
2 3 ay2
(i) lim X< 2 (iv) lim—— f’x +X
x->lxc —5x+4 x=>3x° —10x“ +27x-18
Solution:
2_
G- Gim X =4 {9 form,soD.S.M.fails}
x—2 X —2 0

Using factorisation method, we have

) wX—>2=>x-2=#0, sodividing
=lim(x+2) .

x—2 numerator and denominator by x — 2.
=2+2=4 [By D.S.M.]



3
(i) lim XErs {% form, so D.S.M.fails}

x—>-1 X+1
Using factorisation method, we have
x®+1 Wy 1

lim = lim
x>l xX+1  xo1 x+1

2
= fim ZFDOCTXHD) o3 b3 (@ b)(a? —ab+b?)]
x—>-1 X+1

X —>-1=x+1%0,
= XILrTJl(xz -X+1) so dividing numerator and
denominator by x+1.
=(-D)? - (-D)+1=1+1+1=3

2 —_—
(iii) IimX2+—X2 {9 form, so D.S.M.fails}
x-lX* —5X +4 0
Using factorisation method, we have

X2+X=2 . X 42X—-X-2
5 =lim—
X1 X —bX+4  x=LX —4X—-X+4
_lim X(X+2)-1(x+2) _lim (x+2)(x-1)
x-1X(X—4)-1(x-4) x>1(x-4)(x-1)
X —>1=x-1+0,

— lim 2= 2 so dividing numerator and
x>l X —4
denometor by x —1.
1+2 3
= =—=- By D.S.M.
1-4 -3 [BY ]
! . x3 —3x% +x 0 .
(iv) Letl= lim— > {— form,so D.S.M.falls}
x>3x° —10x“ +27x-18 0

As on putting x = 3, the numerator and as well denominator both becomes
zero, therefore x — 3 is a factor of x® —3x? + x as well as of

x3 —10x? + 27x —18. Dividing x® —3x2 + x by x — 3, we get x* +1 as
the quotient and 0 as the remainder and on dividing x® —10x? + 27x —18,
we get x* —7x +6 as the quotient and 0 as the remainder.

e tim (x? +1)(x-3) _lim x2 +1 Cancelling out the
o3 (x2—Tx+6)(x—3) x3x%-7x+6 |factorx—3
2
=2(3)—+1 [By D.S.M]
(3)°—7x3+6

9+1 10 5

9-21+6 -6 3

Here is an exercise for you.

E 2) Evaluate the following limits:
- x® - 7x% +16x —12 o X% —4xP 45X -2
(i) lim—; 3 > (i) lim 3
x->2 X" —6X" —3X° +52x - 60 x=2  xXT -2x—4

Limit and Continuity
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This method is useful in oo —co form.

Procedure: Take L.C.M. of the given expression and simplify it. Most of the
times after simplification it reduces to % form then solve it as explained in

factorisation method.
Let us take an example based on this method.

Example 3: Evaluate Ilm(i_ 8 j
x=3\ X —3 X —3x

Solution: Ilm(i— 3 j [0 —ooform, so D.S.M. fails]
x=3\ X —3 X —3x

Using LCM method, we have

. 1 3 1 3 | x-3 .11
lim| ——- = lim = lim =lim=—==
x5>3d x—3 x2_3x) x>3 x—3 X(Xx=3)) x23 x(x-3)) x>3x 3

Here is an exercise for you.

E 3) Evaluate Ilm( ! 6 j
o2 X+2 X3 +x% —2x

5.4.3 Rationalisation Method
This method is explained in the following example.
Example 4: Evaluate the following limits:

e ANAEX =2 i . ABDX—6—4/X+6
@ lim—— (i) lim >
x—0 X x—3 X< -9
Solution:
(i) lim Na+x-2 P form, so D.S.M.fails}
x—0 X O

Rationalising the numerator, we have

lim \/4+x 2 Iim\/4+x—2 VA+X+2

X
x—0 x—0 X NA+X +2
Varx) -2

= lim X(m+2) [-a® —b%=(a—b)(a+h)]
—lim 4+x—-4 lim X
x—0 x(\/m +2) Ho;(m
= fim—t -+t 1 1
>0\/4+x+2 4+0+2 2+2 4
(i) )I(Lms VoX ;;/F {% form, so D.S.M.fails}

Ratlonallsmg the numerator, we have

10
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>H3 x2 -9 H3 x? -9 \/5x 6+/X+6
(x/5x—6)2—(M)

m

x>3 (x> —9)(+/5X —6 + /X +6)

- 5% —6— (X +6)

x>3 (x? —9)(+/5X — 6 + /X +6)

im 4x-12

x>3 (x? =3%)(v/5X —6 +/x +6)

im 4(x-3)

X238 (X — 3)(x+3)(\/5x 6 +/x+6)

w i (X+ 3)(\/5x —6+/x+6)

4
 (3+3)(v15-6 +/3+6)
-4 4 4
6(9++9) 6(3+3) 36

1
9

Here is an exercise for you.

E 4) Evaluate lim V3+x-+5 :

xX—2 X -2

5.4.4 Use of some Standard Results

Here, we list without proof some very useful standard results which hold in

limits.
n n
X' —a n-1 H n on=1,yi
1. lim na"— [aand nare any real numbers, provided a",a" " exist]
x»>a X-—a
. sin6 . 0O
2. lim——=Ilim——=1

050 0O 0—0sin 0

3. limcos0 =1
0—0

"0 0 80 tan 9

X X
. . . e’ -

E Ioge|a|, in particular, lim
x—>0 X

=log.e=1
x—=>0 X ge

6. lim 129+ %)
x—0 X

7. lim@+x)* =

x—0

1 X
8. Iim(l+—) =e
X—>00 X

=1

11
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Example 5: Evaluate the following limits:

5 10/3 10/3 H
N .o X2=243 .. .. X -2 . . SINdX . .
O e ) Iy s W) == (W) i cosSx
5x ax
W) im B3 iy im 2= i) tim &=L (i) fim 129L+5%)
x—0 Sin 2X x—0 x—0 x—0

.. log(l+ 3x) . 1Ux
(ix) )I(lirz)—ez)( ) (x) )I('E})(lJFSX)

Solution:
5 5 a5
(i) Letl= lim* ~28 jjm X =3
x=>3 x* —-81 x=>3x* -3
Dividing numerator and denominator by x — 3, we get
X5_35 X5_35
x—3 Iin; x—3
il x*-3" x*-3
lim
X—3 x>3 X -3

5.1 4 n_,n
= 5_(3)4 - :§><3—3=§><3=E Using IimX a =na"*
4(3)* 4 3 4 4 xoa X—a

51073 _ 51073

W g
Dividing numerator and denominator by x — 2, we get

x10/3 _ 910/3 x10/3 _ 910/3
L X101 103 P xe2 lLﬂWZ N
x2 43 _04I3 3T A3 _ 943 X413 _04/3
lim
X—2 x>2  X-2
10
10 . 51 7
- @° 3 71
-3 :Ex§x2—=§x23 3=§.22=10
4 41 3 4 1 2 2
;@ 22
(i) fim sindx _ lim sin 4x ><4_x Dividing and multipling
x>0  3X x>0 4X 3x by 4x
_ msin4x ﬂ_ﬂ"msin4x
x50 4Xx 3 3x-0 4x
= %4Iim03|24x [Asx — 0= 4x 0]
X—> X
:ix]_:i {_."mﬂ: }
3 3 00 O
As x >0 =5x - 0 and
(iv) limcos5x = limcos5x =1 .
x—0 5x—>0 Iemg cosf =1
. tan3x .. tan3x 2x 3
(v) lim— = lim X — X —
x=>08in2X x-0 3X  sin2x 2

12
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2\3x>0 3x 2x—08jin 2X
{ lim 279 _ 1and tim —2 =1}
60 0 x—05in 6
5x 5X 5x
wi) fim2—1=jim2_—1.5- 5||m2 1[ x—>0:>5x—>0]
x=>0 X x—=0 Bx 5x—0
=5 log, 2 { lim =log, |a|}
ax ax
wii) fim&=t= tim&—Luaal —1 [x—>0:>ax—>0]
x—0 X x—=>0 aX ax—0
=a(l
a() { x—0 }
=a
(Vlll) ||mM: lim SM
X—0 X x—0 5X
— 51im 129+5%) [ X >0 =5x—0]
5x—0 5x
_50) { . Iog(1+x) 1}
x—0
=5
(ix) lim Ioggl+3x): lim Iog(1+3x)>< 2X Xg
x—0 @X _1 x—0 3x er_l 2

:E("mwj (Iim 2X j
2 3x>0 3x 2x—0 @2% _1

S =2 as im!9EX) 1 and lim—X_ -1
2 2 x—0 X x—0 e* 1

1P 1P
(x) Iirrg)(1+8x)1”‘: Iirrg){(l+8x)8x} =Llim0(1+8x)gx} asx—>0=8x—>0
X—> X—> X—>

x—0

=(e)® =e® [ o lim(L+ x); =e}

Here, is an exercise for you.

E 5) Evaluate the following limits:

10 3X sinx
0 lim X =322 (i) im @7 =1 iy fim &1
x>V2 X —+[2 x50 X x>0 tan X
2 X v X X _
(i) lim Q9LHET) ) fim A€ () i &0 2X)
0 X’ 1 x—0 X x—0 2X _1

XL+ 2x)Y% - (e** -1)

(vii) lim
x—0 X

13
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5.5 CONCEPT OF INFINTE LIMIT

Consider the following cases

101
10
1 =0.01
100
1 0.001
1000

1
———=0.0001
10000
A 0.000...1
10"

n times
. 1
We see that as x (denominator) becomes larger and larger than — becomes
X
smaller and smaller and approaches to zero.

C.we write lim i =0

X—00 X

Or lim inzo, where n >0

X—0 ¥

Remark 3: x — c means that whatever large real number K (say) we take
then x > K, i.e. no real number can be greater than x.

Let us consider an example, which involve infinite limit.

Example 6: Evaluate the following limits:

o 32 45x—1 ... 5XP x4+l x> +1
0] |Im2— (i) I|m3— (iii) |Im#
X0 4X* —3X+9 x-o X +5 x>0 4X " +3X°+7
Solution:
2 —
Q) lim 3X° +5x -1

x>0 4x% —3x +9

Here degree of numerator = Degree of denominator = 2

-.dividing numerator and denominator by x?, we get
5 1

= .1
lim XX -1_ " x2 _3+0-0 3 |~lim-7=0
00—2_ —_— - = y = — X—>00
o AXE =3x+9 xomy 39 4-040 4 e

X x2
5
(i) fim oX” +Xx+1

x>o  x345
Here degree of numerator > degree of denominator.
~.dividing numerator and denominator by x*[Least of degrees], we get



BX% 4 x+1 _ x2 x3 0+0+0
lim 5 = lim = =00
x—o  x° 45 X—>00 1 i 1+0
s
5
(iii) fim —X+1

x>0 4x " 4+ 3x% +7
Here degree of numerator < degree of denominator.
~.dividing numerator and denominator by x° [Least of degrees], we get

1+i
. x>+1 NG 140 1
lim —————=lim 3 7 ) 0=—=0
x>0 4x " +3X° +7 Hw4x2+—3+—5 0+0+ 0
X7 X

In general, without calculating actual limit we can know the answer in
advance of rational functions, in the cases when as x — o see the
following result without proof.

ax"+ax™ +a,x"?+..+a_ X+a .
lim————————2— m-1 m=2:0, ifm<n
x> pox" +b, X" +b, X" +...+b, ,X+b,

Now, you can try the following exercise.

2 4/, 4
E 6) Evaluate lim \/X +3+\/X L :
= IxT 1 x2 ~3x% +5

5.6 CONCEPT OF LEFT HAND AND RIGHT HAND

LIMITS

We note that on the real line, we can approach any real number 2(say) either

from left or from right. Consider the example y = f(x) = 3x + 2. We see that as x
takes the values 1.9, 1.98, 1.998, 1.9998, ... then corresponding values taken by

yare 7.7,7.94,7.994,7.9994, ... respectively as shown below.

X 19 198 10998 1.9998 .. 199999998
y=f(x) 7.7 7.94 7.994 7.9994 .. 7.99999994
X 21 201 2001 20001 .. 20000001
y=f(x) 83 803 8003 80003 .. 8.0000003

i.e. as x is coming nearer and nearer to 2 from left then y is also coming nearer
and nearer to 8 from left. If x approaches like this from left (see Fig. 5.1), then
we say that x is approaching form left to 2 and is denoted by putting a —ve sign

as a right superscript of 2 i.e. 2~

i.e. we write the limit of the function as
lim f(x) .. (1)

X—2"

Limit and Continuity
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M
2
Fig. 5.1

If limit (1) exists, then we call it left hand limit (L.H.L.) of the function f(x) as
x tends to 2.

Similarly we see that as x takes the values 2.1, 2.01, 2.001, 2.0001, ... then
corresponding values taken by y are 8.3, 8.03, 8.003, 8.0003, ... respectively.
i.e. as X is coming nearer and nearer to 2 from right then y is also coming
nearer and nearer to 8 from right. If x approaches like this from right (see Fig.
5.2) then we say that x is approaching from right to 2 and is denoted by putting

+Vve sign as a superscript of 2 i.e. 2" and the limit of the function as

lim (x) .. (2)

x—2*

S
2
Fig. 5.2

If limit (2) exists, then we call it right hand limit (R.H.L.) of the function f(x)
as x tends to 2.

Remark 4:

(i) L.H.and R.H. limits are used when functions have different values for
X—>2 and x > 2".

For example, in case of

(a) modules functions,

(b) functions having different values just below or above the value to
which x is tending, i.e. there is break in function.

(i) Limit exists if L.H.L. and R.H.L. both exist and are equal.
Following example illustrates the idea of L.H.L. and R.H.L.

Example 7: Evaluate the following limits:

x%2+1 x<1
(i) lim|x| (i) lim|x -3 (iii)Iimf(x),Wheref(x)z{ "
x—0 x—3 X—1 1—x2, Xx>1
g
(iv) lim (), wheref()=1{ x4 X
X—>
0, Xx=4
Solution:
() lim|x]

Here we have to use the concept of L.H.L. and R.H.L., because of the
presence of the modulus function.
LH.L = lim |x|

x—0"
Here, as x is approaching to zero from its left and hence x is having
little bit lesser value than 0.
Let us put x = 0 — h, where h is + ve real and is very small.

As x>0 =>h->0"



L.H.L.= lim O—h|= lim —h|= lim —1|><|h|: lim|h as|—]4=—(—1)=1
h—0* h—0* h—0* h—0*
=limh [“h—>0"=h>0=h[=h]
h—0*
=0 .. (1)
R.H.L. = lim|x
x—0"

Here, as x is approaching to zero from its right and hence x is having
slightly greater value than 0.
Let us put x =0 + h, where h is +ve real and is very small.

As X —>0"=h->0"

~RH.L. = lim O+h|= limlh = limh=0 .2
h—0* h—0* h—0*

From (1) and (2)

L.H.L. =R.H.L.

Iim|x| exists and equal to 0.
x—0
(i) Ler13|x—3|
LH.L = lim|x-3

X—3"

Putting x = 3 — h, where h is +ve real and very small.
As X >3 =h—->0"

LHL. = lim[3—h=3/= lim|-h| = lim |n|= lim h=0 ... (1)
h—0" h—0" h—0* x—0*

RH.L= lim|x-3
x—3"

Puttingx=3+hasx —>3"=h—>0"

RH.L.= lim[3+h—-3/= lim |h|= lim h=0 )
h—0" h—0* h—0*

From (1) and (2)

LHL =R.H.L.

- lim|x — 3 exists and equal to 0.

x—3
X% +1, x <1
(iii) limf(x), where f(x) =
X1 1-x*, x>1

LH.L = lim f(x) = lim (x2 +1)
X—=1"

x—>1"

X > 1 meansx isslightly less than
1and hencein this casef (x) = x? +1
=(D)2+1=1+1=2 .. (D)
@

“» X — 1" meansx isslightly greater than
RH.L.= limf(x)= Iim(l—xz){ I ghtly g }
x—1"

x—1"

1 and hencein this case f (x) =1— x?
=1-1)%?=1-1=0 .. (2
From (1) and (2)
LH.L. #R.H.L.
Iimlf(x) does not exist.
X!

[x-4
(iv)IirrJf(x), where f(X) =< x—4
0, X=4

, Xz4

Limit and Continuity
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Fundamentals of X = 4 = x is slightly less than 4
Mathematics-11 |X —4|
LH.L. = lim f(x)= lim |x—4|
X4 x>4~ X—=4 | jex#4,sointhiscase f(x) = Y
X_
Putting X = 4 — h, where h is +ve real and very small.
Asx—>4 =h-—>0"
=4 [h

J4-h-4 . |-h
LHL.= lim — = lim —— = lim
h—»0" 4—h—-4 h—0" —h h—0* —h

= lim @) _ = lim (-1) = .. (1)

h—>0" —h h—0"
R.H.L. = lim f(x) = lim | _ |

x—4* x—>4" X —4
Puttingx=4+hasx —>4"=h—>0"

_ |4+h—4| | | B N
~RHL = lim — =lim—=1lm1l=1 ...(2)
h—0t 44+ h—4 h»O+ h h—»0th  h-o*

From (1) and (2)

LH.L. #RH.L.

.. lim f(x) does not exist.
X—4

Example 8: If Iirrg)f(x) exists, then find the value of k for
X—>!

{x—|x|, X <0
f(x) =
k, x>0

x—|x|, X<0

Solution: f(x) =
K, x>0

L.H. L= lim f(x) = lim (x—|x])

x—0

Puttmgx-O—h asXx—>0 =h->0"
L.H.L.= lim (0—h—[0—h|) = lim (-h—|-h])
h—0" h—0*

= fim (~h—|-1/x|n]) = fim (=h —|h[) = lim (~h—h)
h—0" h—0* h—0*

= Iim  (-2h) =-2(0) =0 .. (1)
RH.L = Img f(x)= Img k =k ... (2

Since, it is given that lim f (x) exists.
x—0

..Wwe must have
LHL =RH.L. 0=k or k=0

Here are some exercises for you.

E 7) Evaluate the following limits:

(@) lim +|X| (i) lim (3-[<) i lim =

x| =7 9l

3 <3
E8) If Iin13f(x) exists then find a, forf(x) = {ax+ X
X—>

2(x+1), x>3

18



5.7 CONTINUITY OF A FUNCTION AT APOINT

In Sec. 5.6, we have discussed the concept of L.H.L. and R.H.L. Adding one
more-step, we can define continuity at a point.

A function f(x) is said to be continuous at x = a if

lim f(x) = lim f(x) =f(a), i.e. for continuity at a point X = a, we must have

ie. LHL.,,_, =RH.L.,,_, = value of the function at x = a

Diagrammatically, continuity at x = a means graph of the function f(x) from a
value slightly less than “a’ to a value slightly greater than “a’ has no gap, i.e. if
we draw the graph with pencil then we don’t have to pick up the pencil as we
cross the point where x = a. Look at the Fig. 5.3 t0 5.5.

In Fig. 5.3 f(x) is not continuous at x = a.

In Fig. 5.4 f(x) is not continuous at x = a.

In Fig. 5.5 f(x) is continuous at x = a.

atx=a

Y K

A
>

A
>
v

x O

Xv
(@)
fo+]

Y‘V Y'

Fig. 5.3 Fig. 5.4

A

@)

Yl

v

Fig. 5.5 Fig. 5.6

Functions whose graphs are given in Fig. 5.6 and Fig. 5.7 are discussed below.
(i) Consider the function f: R — R defined by

f(x) =2x +3
x 0|1 |2
y|3 |5 |7

Limit and Continuity
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Fundamentals of See the graph of this function in Fig. 5.6. We note that this function is
Mathematics-11 continuous at all points of its domain as there is no gap at any point in its
graph.

(if) Consider the function f: R - R defined by

1 Xx=>1
f(x)=1"
() {2, x<1

See the graph of this function in Fig. 5.7.

Y
< 2 ]
14 r—>

-2
Y'v
Fig 5.7

We note that, if we draw the graph of this function with pencil, then we will
have to pick up the pencil as we cross the point where x = 1. Therefore this
function is not continuous at x = 1. Also this function is continuous at all points
of its domain except at x = 1.

Now, let us consider some examples on continuity at a point.

Example 9: Discuss the continuity of the following functions at given point:

(i) ) =[x atx=0
(i) f(x)=|x-3 atx=3
241, x<1
i) foo =4 T % atx=1
1-x2, x>1
o
(V) F(x) =1 x_2a X at x = 4
0 X =4
X
(V) f(x)=— atx=0
X
Solution:
(i) f(x)=[x atx=0
Already calculated i
LHL=0, RHL=0 res gl 1N
Example 7 of thisunit

Also, atx =0, f(x) = [0| =0
S LHL,,_o=RHL,,_,=10)
= f(x) is continuous atx =0

20



(i) f(x)= |X - 3| , atx =3 Limit and Continuity

{Already calculated in }

LHL=0, RHL.=0 N
Example7 of thisunit

Also, f(3)=[3-3=[0|=0
S~ LHL,,_3=RHL,,_;=f(0)
= f(x)is continuous at x = 3

x>+1, x<1
1-x%, x>1

atx=1

(iii) T(x) ={
Already calculated in
LHL=2 but RHL.=0 y L.
Example 7 of thisunit

AsLHL,, ,#RHL

- fisnotcontinuousatx =1
x4

(iv) F()=1 x4

0, X=4

atx =1

1 E atx=4

Alreadycalculatedin
S LHL,_4s=-1 butRHL,,,_,=1 o

Example7 of this unit
As LHL, ,_,#RHL,,_,

.. f(x) is not continuous at x = 4.

V) f)==,  atx=0
x|
LHL = lim =
Xx—0" |X|

Puttingx=0-h asx >0 = h—>0"
LHL = fim 2=~ fim =" _ i =N
h—0* 0—h| h—0* —h| h—0*

~lim =2 = im (1) = -1 . (D)

h—0* h h—0*

RHL = lim == lim 2= lim1=1 ..(2
x—07" X| x—>0" X x—0*

From (1) and (2)

LHL #RH.L.

B, X .
. lim = does not exist.
x—0 |X|

Hence f is not continuous at x = 0.

Example 10: Find the values of a and b, if the function f given below is
continuous at x = 2
7, X<2

f(x)=<ax+b, x>2
a+5 x=2



Fundamentals of
Mathematics-11
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Solution: LH.L.=limf(x)=1lim7=7

X—2" X—2"

RH.L.= lim f(x) = lim (ax+b)=2a+Db
x—2* x—2*

Also f(2)=a+5
Since, f is given to be continuous at x = 2, therefore we must have
LHL,, _,=RHL,, _,=1(2)

=7=2a+b=a+5
(| Il

I &lll=>7=a+5=a=2
I&Il=>7-2a=b=b=7-4=3
sa=2,b=3

Here is an exercise for you.

E 9) Find the relation between a and b if the function f is given to be
continuous at x = 0, where

2X—a, x>0
f(x) =
ax+b+3, x<0

5.8 CONTINUOUS FUNCTION

In section 5.7, we have discussed the continuity of a function at a point. In this
section, we define what we mean by continuous function.

Continuous Function: A function f is said to be continuous if it is continuous
at each point of its domain.

For example, function y =f(x) = 2x + 3 whose graph is given in Fig. 5.6 isa
continuous function as we have already discussed that it is continuous at all
points of its domain.

Algebra of continuous functions:

If f and g are two continuous functions on a common domain then

(1) f+ giscontinuous

(2) f-giscontinuous

(3) fgis continuous

(4) f/gis continuous, provided g(x) = 0 V points x of its domain.

5.9 SUMMARY

In this unit, we have:

1) Given the concept of limit.
2) Discussed direct substitution method of evaluation of limit.

3) Explained factorisation, L.C.M. rationalisation, and some standard
methods to evaluate a given limit.

4) Given the concept of infinite limit.

5) Given the concept of L.H.L. and R.H.L.

6) Discussed the continuity of a function at a point.
7) Discussed what we mean by continuous function.



5.10 SOLUTIONS/ANSWERS

2
E 1) () lim(x? - 2x+3)"" = (22-2x2+3f " =35 =243

(ii) limlog (x*+x*+1)= Iog(liml(x“ +x2 +1)]
X=. X!

=log(1* +1% +1) = log3
(iii) Iim5 3 =3 asf(x)=23isa constant function
X—>
(iv) lim4f(x) = 4limf(x) = 4lim(x - 5)?
x—3 x—3 X—3
=4(3-5)° =4(-2)* =4x4=16
3 2
. ! X7 —7x° +16x-12
E 2) (i) Letl= lim
Al x>2x* —6x% —3x? +52x —60
Using factorisation method, we have

P il (x —2)(x* =5x +6)
x-2 (x — 2)(x® —4x? —11x +30)

Cancelling the common factor x — 2 # 0, we get

. x? —5X +6
I=lim— >

x=2 X% —4x° -11x + 30
Again using factorisation method, we have

{Again% form}

o (x-2)(x-3) . x-3
= lim 3 =lim——
x-2 (X —=2)(X“ —2x—-15) x»2x°-2x-15
2-3
=———— |ByDS.M.
7—a-15 Y ]
TY:_1
15 15
3 2 _
(ii) lim X AX"+5x =2 Pform,soD.S.M.fails}
x>2  x3-2x-4 0

Using factorisation method, we have
3 2 _ _ 2
lim X 34x +5x -2 _ lim (x 2)(x2 2x +1)
x=2 X7 -2x-4 x=2 (X —2)(X° +2X +2)
e X?-2x+1 _4-4+41 1
x—>2x% +2x+2 4+4+2 10

E 3) Iim( L] 8 j [0 —ooform, so D.S.M. fails]
x>2Ax+2 x¥+x?-2x

Using LCM method, we have
. 1 6 . 1 6
lim - = lim -
x> 2 X+2 x34+x7-2x) oA X+2 x(x?+x-2)

: [ 1 6 j
= lim -
x>-2l X+2 X(X+2)(x-1)

{%form,so D.S.M.fails}

Limit and Continuity
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Fundamentals of X(x—1)—6 X2 _x—6
Mathematics-11 = lim| ———— | = lim —8M8MMM
x»—Z[x(x +2)(x —1)} x—>-2X(X+2)(x-1)
_lim (x=3)(x+2)
x>-2 X(X + 2)(x —1)
X > 2= X#E-2
= X+ 2 # 0 so, cancelling
out x+2
-2-3 -5 5

X_
= lim
x—>-2 X(X —1)

T Z2(2-1) 6 6

E 4) lim —M
X—2 X—2

Rationalising the numerator, we have
«/3+x—\/§_ . 3+x-+/5 3+x++5
———————=lim %

X—=2 X2 X—2 3+ x +45

I N i N oy
= im(x_z)(m+£) [-(a-b)(@a+b)=a"-b"]
3+x-5 _

. . X—2
>I<ILnZ (x—2)(ﬁ+\/§) XILnZ (x—2)(ﬁ+\/§)

lim
X—2

— lim 1 Canceling out the common
x>2 /34X +4/5 factor x —2# 0

1 _ifet
V3+2++45 5+5 245

1 5 /5 [Rationalising the

= x— =

25 /5 10 | denominator
10 _ 10 _ 0
E5) (i) lim X2 _ jim X V2

X2 X—+f2  xW2  x—4f2

=10((\/§)1°'1) { lim X —2" _ nan—l}

x—>a X —a
—10(/2)° =10(+/2)®(+/2) =10x16x/2 =160+/2
3x 3x
(ii) IimM = IimeS
X—0 X x-0  3X
3x
=3 lim (ab)™ -1 as X >0=3x—0
3x—0 3x
=3log ab| { lim&—1_ Iog|a|}
x—0 X

24



oooeivg e ginx X
(iii) lim = lim — X x
x=>0 fanx  x-0 sinX X  tanx

e 1) sinx)(,. X
=| lim - lim lim
sinx—0 SINn X x—0 X x—0 tan X

asXx >0=sinx—0

limETtog im0y
x>0 X 00 e

=0QO@) =1

and Iimi =1
0-0 tan 0

2 2 2
(iv) lim log(1+8x )=Iim log(1+8x )>< );

x—0 eX” 1 x—0 8)(2 eX" 1

2 2
:8[ lim '09(1+28X)j[|im X j
8x% 50 8x x50 X" _1

[-.'asx—>0 —=8x* >0 and x* —>O]

x 8

IimM =1 and
x—0 X

=8(1)(1) =8

lim =1

x—0 g% —1

. a¥-e* . a¥-1-(e*-1) . (a¥-1 e*-1
(v) lim = lim =lim| ——-
x—0 X x—0 X x—0 X X

N & & . e*-1
=| lim —| lim
x—>0 X Xx=>0 X

coat-1
o lim
x—0 X

=log|a| and
= log|a| - log|e|

X

lim

x—0

=logle|

=log

a
e

m
as log—=Ilogm-Ilogn
n

a¥ —e*
or lim

x—0

=logla|-1 as loge=1

X _ x 3
(i) Let = lim & =329 _ jj, (€ —H—2x
x—0 2x 1 X0 2x 1
Dividing numerator and denominator by x, we get
X _ x

¢ 1o m&te L,

I = lim—X _x20 X _1-2_ -
0 X _ X a2  lod2

x—>0 2 1 lim 2 1 og 0g
X x>0 X

XL+ 20" - (™ -1) _ Iim[(l+ 2x)M* i _1J

vii) lim
( ) x—0 X x—0

Limit and Continuity
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Fundamentals of
Mathematics-11

Rule to be
Remembered:

Wff(x) =[feO "

26

= lim(L+ 2x)Y* - lim
x—0 —0

x X
i_z e2x _
= Iim|:(1+ 2x)% | —lim x2
x—0 x>0 22X
17 2x _
={Iim(1+2x)“ _2im &t
2x—0 2x>0  2X
asXx—>0=2x—-0
Iin(1)(1+x)1’X =e
= (e)* —2loge x_q
andlim =loge
x—0 X
=e?-2 as loge=1

X 1+i + X 41+i
Ix2+3+4x4 +2 x2 x*

E 6) lim =
X»oo(/x7+x2 —%/X2+5 x»oox 71+i Ly 3&4_3
V" x Vx x3

£7) () tim XX
x-0" 3X| = 7x

Puttingx=0-h as x>0 = h—>0"
5(0-h)+[0—h| i —5h+|-h|

] 5x+|x| )
Iim —— = = lim
0-h[-7(0-h) n-0" 3-h|+7h

X—0" 3|X| —7X B h—0" 3

_ . =5h+|-4lh|  —sh+h . —4ah

=lim — =1 = lim —
h—0* 3|—1||h|+7h h—0* 3h+ 7h h—0* 10h
. =2 2

=lim —=-——
h—0* 5 5

(i) lim (3-|x)
x—5"
Putting x =5+h asx -5" = h - 0"
- lim@=|x) = lim (3-[5+h|
x—5" h—0"
rash—>0"=5+h>5>0
=[6+h|=5+h
= lim (-2-h)=-2-0=-2
h—0*

— lim 3—(5+h))
h—0"



Lo X
(iii) !(IL%N

LHL. = lim =

Xx—0" |X|

Puttingx=0-hasx -0"  =h —>0"

lim —h _ lim —h
~1h|

—h| h—0*
. —h .
=lim —=Ilim(-1)=-1 .. (D

h—0" h h—0"

L.H.L.= lim 0-h _
h—0* 0—h| h—0*

RHL = lim = = lim 2= lim1=1 . (2)

x—0" X| x—=0" X x->0*

{:x — 0" = x is sligtly greater

than 0, so |x| = x

From (1) and (2)

LHL #R.H.L.
s lim Ldoes not exist.
x»0|x|
ax+3, X<3
E8) fo) =10
2(x+1), x>3
LHL. = lim f(x) = lim (ax+3)=3a+3 .. (1)
X—3" X—3~
R.H.L. = lim f(x) = lim 2(x+1) =2(3+1) =8 .. (2)
x—3*" x—3*

Since, it is given that Iimsf(x) exists.
X—>.
..we must have

L.H.L. =R.H.L.
=3a+3=8=>3a=5=>a=5/3

E Q) f(x)= 2X—a, x>0
~lax+b+3, x<0

LH.L.=lim f(x)= lim(ax+b+3)
x—0" x—0"

atx=0

Puttingx=0-hasx -0 =h —>0"

LHL.=lim(@0-h)+b+3)= lim(-ah+b+3)=b+3
h—0* h—0*

R.H.L.= lim f(x) = lim (2x—a) =2(0)—a=-a
x—0* x—0*

Also f(0) =2(0)-a=0-a=-a
Since f is given to be continuous at x = 0, so we must have

Limit and Continuity
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Fundamentals of LHL =RH.L.=f(0)

Mathematics-11
=>b+3=—-a=a+b+3=0

Which is the required relation between a and b.
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