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5 . 1  INTRODUCTION 

Numbers are an essential element of our eveiyday thought and language. In present day life 
every activity requires the use of numbers. Prices and weights of commodities, measurement, 
scores of games, travel time tables, etc., are all expressed in numbers. Man owes much of his 
success or progress to the art of computing with nunlbers. 

The present course of mathematics in schools introduces the students to the various 
properties of natural numbers, integers, rational numbers, and real numbers. They :yare essential 
for arithmetic, algebra and geomet~y and their study begins from class I and continues till class 
VIII. It is thus assumed that the student who enters class IX, i.e., the secondaiy stage, has 
a usable knowledge of all these types of number systems. 

However, the teaching of nunlber systems and their properties is dominated by the learning 
of iule-based algorithms or routine processes which is very detrimental to the enjoyment of 
mathematics and what it is all about. Rule-based instiuctions are of veiy little value. They 
appeal to the dull but may repel the intelligent. This unit introduces the system of real numbers 
along with its sub-systems. The relationship anlong these systems is sketched so that there 
are no gaps in their treatment. The concepts are explained and.illustrated with examples drawn 
from familiar situations. The idea of p~oof has been interwoven to illustrate the consistency 
of the systems and to provide reason for arbitray i d e s  which otherwise may be psychologically 
damaging. It is expected that teachers will be able to plan their lessons more effectively after 
going through this unit. 

5.2 OBJECTIVES 

At the end of the unit, the teacher w~l l  be able to : 

understand the hystem of real numbers and the relatioiishil>s between its various sub- 

I systems; 5 
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see the relevance of the central position which the svstem of real numbers occupies in 
mathematics; 

an understanding of algorithms and the ioutine processes of canvlng out computations 

.i provide reasons for various routine rule\. conventions, and techniques u\cd in work in^ 
with four fundamental operations: 

help students to explore/investigatc the structure of the real number svstein with the helr 
of examples and diagrams, 

illustrate clearly with diagrams (on a iluinbe~ llne) the meaning and relationships betweei 
the" four fundamental operatlona 011 real nuinhers, 

hdp smde:nts to acquire an indepth luiowledge of the system of real numbers: 

apprec~ate the role of numbers in social life and as an essent~al mg-edient of' our eve~ydai 
thought and language. 

NUMBER SYSTEMS 

It may be noted that "number" 1s different from "numeral' Thus, the teaching of the  numb^^ 

system incorporates the idea of numeration but is distinct tkom it. We shall assume the 
knowledge of the base-ten numeration system while discussing nuinhei systems in thls unit. 

Fuither. we shall use the idea of "qet", an Idea which is basic and central to all mathematics 
The language of sets sinll~liiies and clarities esplanat~ons. It 1.; also assumed that before 
reaching the secondaiy stage students have suffic~ently worked with numbers and dl-e familiar 
with bas~c ideas, at lcast ~ntuitively The h a w  knowledge of concepts such as one-to-one 
matchmg, counting, addition, subtraction, multiplication divislon fractions, decimals etc., has 
been assumed If necessary, teachers ma\ recapitulate t h e ~ e  Ideas hefore teacl~ing this unit 

5.3.1 Sets of Numbers 

Main Teaching Point : The relationship between diffei-ent sets of numbers. 

Teaching-Learning Process 

1. 1s t  pupils recall that "fractions", "negative numbers", "zero", "decimals', etc , are 
different kinds of numbers. Ask them to give exaltples/ii~stances to illustrate their ust 

2. Eacourage pupils to. observe that these difierent kinds of numbers overlap and a~-e related 
to each other. Ask them to arrange these numbers in ordei- starting with the simplest. A 
diagram such as the following may be useful. 

I I 1 
I 

NEGATIVE INTEGERS 



3.  Discuss llle above diagram with the help of questions such as - 
Are natural numbel-s positive? 

Is it true that {fractions) n {integers) = @ 1 

Why is zero on the dotted line separating positive and negative numbers? 

Is there a one-to-one correspondence between the set 01' positive integers and 
the set of negative integers? 

Methodology used : The discussion method is used to bring out the relationship between 
different sets of numbers using diagrams and their analysis. A quiz organised in the class can 
be an eff'ective technique for recapitulation. 

5.3.2 Natural Numbers : Counting Numbers 

Main Teaching Point : Properties of natural numbers. 

Teaching-Learning Process 

The teaching of natural numbers can be approached in two ways, eitha by following the 
histoiy of the development of n~unber idea, or by simulating the same through activities in 
the classroom. In both the cases, the key idea to be exploited is a one-to-one correspondence 
between objects in a group and notches or tallymarks to keep a record of the sizes of group. 

To any given finite set we attach a lal~el, called a number. The same label is attached to all 
those sets which are in on;-to-one correspondence with the given set. Through activities - 
playing'with blocks, crayons and other objects - two primary number concepts, cardinal and 
ordinal, may be developed. A cardinal number tells the size of a group and an ordinal number 
tells the place in the seclueilce of numbers (which is used in c o ~ t i n g ) .  The natural number 
is an idea (or a mental tool) which helps in telling "how many objects are in a group" or the 
size of the group. 

Natural Numbers (N) : 1, 2, 3 ,  4, 5.  . . . . . . . . . . are also called counting numbers. They start 
with the "unit" 01- "one" and are successively obtained by using the idea of "one more" 
or the successor. The set of natural number has no largest number. 

Counting is matching a given finite set and one of the natural number sets - {1), 11, 21, {l, 
2, 3), {l, 2, 3, 4) etc in which every element is matched from the given set. The process of 
counting the objects in any set will result in the same number, no matter how we arrange the 
objects. 

Methodology used : The discussion-cum-lecture method is used. The properties of natural 
numbers are elicited 6-om students using inductive reasoning and by giving illustrations. 

5.3.3 Zero and Integers 

Main Teaching Point : Properties of integers 

Teaching-Learning Process 

The number zero ''0" is ~ntroduced as (i) the number associated with the empty set @ or 
{ ). This can be done through an activity. For example, a child could be given say 5 chocolates 
and asked to eat all of them one by one; so that finally none is lefi Since the empty set is 
a proper subset of eveiy non-empty set, ze ro  is less than any natural number K, that is 
0 < K, (ii) the starting point in arranging the objects in a sequence (on a line), and (iii) an 
answer to questions like 6 - 6 = '7; 15 - 15 = ? which can be demonstrated through counting 
backwards or taking away. Zero completes counting both ways - ahead and backwards. The 
set of numbers zero and natural numbers is called whole numbers (W). 

Whole Numbers = (0, 1, 2, 3, 4, 5, . . . . . . . . ) 

Zero is the smallest whole number. Theie is no greatest whole number. 
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yeaching Arithmetic allcl A more inclusive set than W is the set of Integers (I). The .;et 01 lnlegcrs c'un be mtl-oduced 
Commercial  hiatl'ematics tfu'ough act~f.llles ~nvolving (a) opposites such as profit and loss: sise in level and fall in level; 

ealning dnd spendlng etc. or (b) direction - high and low. east ,~nd west, north and south, 
etc. The integers consist of' . negative integers, zero and pos~tive integers. 

Zero is not included in the set of positive ~ntegers or 111 the set 01 negative integers. Thc \et 
of integers has no least or greatest number. I t  exlends infinitely in both dir.cctions. The natural 
numbers are dsaigned the positive (+) s i~m and called positive ~ntegcrs. For eveq  positive 
~nteger (+a)  we havc a negative number (- a) such that 

The extens~on to negative numbers can be demonstrated by p~esent~ng d'patte~n In 'subtraction 

Clcarly A is (nac less than 0, R ih one lehs than A and so on Further A is such that when 
1 1s added to ~t we get zero, B is such that when 2 1s added to it we get zero. 

Thus A is the opposite of 1 and R 1s the oppo4ite of 2 etc These can be represented by 
- I and - 2. 

Thus (1) + (- 1) = 0, (+2)  + (- 2) = 0 B d  we know that 1 - 1 = 0 and 2 - 2 = 0, so we can 
rel?lace + (- 1 )  by - 1 dnd + (- 2) hg - 2. fly convention \ve do not put a s i p  with positive 
nunll~ers. + (+ 1) = 1 and - (+ 1) = - 1 etc. 

The set of integers is closed under addition, subtraction :~nd multiplication. Rut t ~ y  division; 
3 .  15. 200 we find - ,  -, - etc., are not possihlc. that is the system is not closed under division. We, 
4 27 327 

therefore, extend fusther and define "rational numbers" (Q). 

Methodology used : The discussion-cum-lecture method is used. The properties of integers 
are enlisted by giving illustrations and using inductive reasoning. 

3 

Check Your Progress 

Notes : a) Write your answers in the space given below 

b) Compare your answers with those given at the end of the unlt. 

I I ,  
Is the sum, difference, product, quotient of two glven integers always an intege~? 

................... .............................. . . . . . . . . . . . . . . . .  

2. Illustrate with esanlples the n ~ l e s  for multiplication of Integers. 



3 Show that the square of an even Integer 1s even and that the square of an odd integer 
is odd. 

. . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

4 Show how you would establish a onr-to-one correspondence between 

a) Positive Integers and the bet of Integers. 

. . . . . . . . . . . . . . . . . . . . . . .  ........ . . . . . .  . . 

....... . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . .  

, . . . .  . . .  . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . .  

.... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

lnlegers and the set ~f natural numbers. 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . .  . . .  

. . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

5.3.4 Rational and Irrational Numbers 

Main Teaching Points : a) Need for rational numbers 

b) Need for irrational numbers 

P Numbers which can be expressed in the form 3 where p and q are integers and q # 0 k e  
called rational numbers (Q). Fract~ons introduced in earlier classes are a subset of rational 
numbers. Rational numbers (or fractions) can be easily Introduced through activities involving 
equal sharing or partihonmg of sets. These are interpreted as a part of a whole; a part of a 
group; Indicated division and as a ratio. In fact the word rational comes from the word, ratio 
The same number can be written in many ways as a ratio of integers. For example: 

Since any integer "n ' can be wntten as n/l, integers form a subset of rationals. It can be easily 
demonstrated that the set of rationals is closed under addition, subtraction. mulhplication and 
dlvision (provided we do not dlvlde by zero) It IS alsc closed under the operation of finding 
the power of a number (1.e. squwmg. cubing, etc ) But lt is not closed when we try to fi d 
roots - square root. cube root etc 9ometlrnes the root of a rational n u d e r  is itself a rational 
number. Sometmes ~t h a  a ratlonal dpproxlrnation but cannot be written exactly JI the form 
u ' a ratio. 

Such numbers are called irrational numbers. 

2, 3, 3fi 4~ etc. 

are irrational numbers 

Another way of descnbmg lrratlonal numbers as dstinct kom rational numbers is to consider 
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Teaching Arithmetic the decimal foim of numbers. It is possible to prove that for each rational number the pattern 
( ommercial Mathematics 1 

of digits in the decimal representation either terminates, e.g., - = 0.05 or recurs,e.g., 20 
-- I - 0.142857142857 ... 7 

In case of irrational numbers the decimal representation neither terminates nor recur, e.g., 
2.131133133331 ........ 

For some numbers such as fl fl etc., it is easy to prove that they are ~rrational, while for 
other numbers such as .rr it may be quite dificult. The pi-oof for "fl is irrational" is of special 
importance as we use the method of contradiction; we assume that it is rational and show that 
this leads to a contradiction -. 

m 
Assume 6= y. where m and n are coprime integers, that is. they do not have a common 

integral factor (other than 1 or - 1) 

:. m2 is even 3 m is even 

(Since the square of an odd integer is odd) 

Now, m = 2p, p E I 

3 4 p 2  = 2n2 

a n 2  = 2p2 

:. n2 is even a n is even a n = 2q, q ~ l  

Hence m md n are both even i.e., have a common factor 2, which contradicts the assumption. 

Hence &is ll-rational. 

Methodology used : Illustrations are given and mainly the lect&e method is used for 
showing the need for rational numbers. While the deductive method is used to prove that 
certain numbers are not rational. 

Check Your Progresa 

Notes : ' a) Write your answers in the space given below 

b) Compare your answers with those given at the end of the unit. 

5. Is the sum, difference, product, or quotient of two gven rational numbers always a 
rational number? 

...................................................................................................................... 

............................................................................................................................... 

...................................................................................................... 

6 Prove that (a) &and (b) 1 -&are irrational numbers. 



7. Is the sun1 of two ii~ational numbers always irrational '7 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

...................................................................................................................... 

8. Is the product-of two irrational numbers always irrational 

1 1 1  9, Express each of the following a? recurring or terminating decimal : - 
15 ' 2 5 ' 9 '  

- 1 1 Try to suggest a rule which determines whether a decimal terminates or 
7 '8' 

not. 

5.3.5 Real Numbers - Operations and their Properties 

Main Teaching Points : a) Properties of real numbers - 
b) Concept of absolute value of a number 

Teaching-Learning Process 

The union of the sets of rational numbers and ii-sational numbers is called the set of real 
numbers. 

{Real Numbers) = {Rationals) u {Irrationals) 

Most ot' the numbers used in school mathematics are real numbers. Rut there are still some 
roots that are not even irational numbers. e g. ,a . These are different kinds of numbers 
sometimes called non-real nuinbers These are studied in senior secondary classes. The union 
of real and non-real numbers is called complex numbers. The diagram below gives the 
development of the number system ti-om natural numbers to real numbers. , 

Number system Closure under operations 

1. Natural Numbei-s (N) 
1 , 2 , 3 , 4  , ......... 

2 Whole Numhers (W) 
0 1 2 , 3 , 4  ....... 

3. .. Integers (I) 
. - - 3 , - 2 , - 1 , 0 , 1 , 2 , 3  .... 

4. Rational Numbers (Q) 
plq where p, q E I, q # 0 

5. Real Numbers (K) 

addition, multiplication 

addition, multiplication 

addition, multiplication, 
subtraction 

addition, multiplication, 
subtraction, division 

addition subtraction, 
multiplicatic~n, division 
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The study of the propelties of real rru~nbers is one of the major conccpts at the secondu~  
level. It is, theretbre, necessarj that the lneaning of the olxrationh of addition subtractlon. 
fi~ultiplication and division be explained through examples and theii propertie\ be mductlvely 
generalised. 

Adding, subtracting, multiplying and dlviding operations are blnan since we caiq  them out 
on two numbers Addition is counting forward. Multiplication 1s repeated dddition ~ubtraction 
1s the inverse of addition Divislon is repeated subtractlon. The propert~e\ are listed below. 

The properties for Real Numbers 

1 Closure Laws a + b is a real 
For all a, b nun1 bei- 

db a real number 

2. Comnlutat~ve Laws a + b = b + a  ab = ba 

3. Associative Laws ( a + b ) + c = a + ( b + c ' l  (ab)c = a(hc) 

4. Identity Laws T11ere is a unique There 1s a unique 
real nuinber 0, such real number 1 such 
that for all a, that foi dl1 a. 
a + 0 = 0 + a = a  a r  l = l  * a = a  

5. Inverse Laws For all a. there 1s For all a (except 0) 
unlque real number there 1s a unique 

- a such that 1 real number , 
d + (-a) = 0 = (-a) + a such that a (,) 1 = 1 

- 1 - (,) a 

6. Distributive For all a b, c 
Law a(b + c) = ab + ac 

The Order Laws for Real Numbers 

7. The Trichotomy Law 

If 'a' is a real nuillbe:, then out of the till-ee statements below exactly one is true: 

(i) a = 0, (ii) a is positive, (iii) - a 1s positive 

8. For any real numbers a and b exactly one of the three statements below is true . 

(i) a < b, (ii) b < a, (iii) a = h 

These laws are used to prove many results which have been taught as iules. Two simple rules 
are proved here. 

I .  For any real number a, a. 0 = 0 = 0. a 

Proof : 1 + 0 = 1 (identity law) 

a ( l  +O)=a . l  

By distributive ' law 

a. 1 + a.0 = a. 1 

But, identity law is 

a.1 + O = a . l  

Hence by uniqueness of 0, a. 0 = 0 

2. For any two numbers (- a) + (+ a) = 0. (Inverse law), multiplying by (- b) x we get 
(- b) (- a) + (- b) (+ a) = 0 

NOW (- b) x (+ a) = (-ha). (To be proved earlier) 

(- b) (-a) + (-ha) = 0 

By uslng Inverse law we argueathat 

(- b) x (- a) should be opposite of (- ha) 

Hence (- b) x (- a) = + ba 



Check Your Progress . 

Notes : a) Write your answers in the space given below. 

b) Compare your answers with those given at' the end of the unit. 

10. Prove that 

a) a (b - c) = ab - ac 

................................................................................................................... ........................ 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................ 

lj) - [ a + ( - b ) ] = - a +  b 

............................................................................................................................................ 

............................................................................................................................................. 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................ 

c) (a + b) (a + b) = a2 + 2ab + b2 

.............................................................................................................. $ ............................. 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................ 

11. Illustrate the meaning of 

a) additive inverse 

............................................................................................................................................ 

........................................................................................................................................... 

............................................................................................................................................ 

.......................................................................................................................................... 

............................................................................................................................................ 
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An important concept which shodd be made clear through examples is that of the absolute 
value of a real number. Recall the idea of opposites and ask pupils to write additive inverses 
(using s~gned numbers). 

The absolute value of numbers that are additive inverses of each other is the same. We use 
the symbol for absolute value. Thus 

, 

- 2 = IT1 + 2 = i ; l - ~ )  +2 =I+sJ= + 5  etc. 

In general, for all x, 1x1 = i x, if x 2 o 
- x , i f x < o  

Notice that the last line means that the absolute value of a negative number is a positive 

number1 - 31= - (- 3) = + 3. 

Methodology used : Properties are enlisted on the blackboard by putting questions to the 

I 
I 
I 
I 

students regarding them The concept of absolute value is illustrated through examples. 



12. If a, b and c are real numbers and a > b, which is larger (a) a + L or h + c r ac or 
bc? 

1 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . .  
1 I 13. If a > b > 0 which is larger (a) &or 6 (b) a or 

'Teaching Arithmetic and , 
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.................................................................................. . . . . . . .  . . . . . . . .  

14. How are these two sets related 

a) { X .  x = ~ , x E R } ,  { X : ~ X ~ = ~ , X E K } ?  

b) multiplicative inverse -7 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

b) {X : X2 = 5, X E R}, {X . I x I =  6-x E R)7 

....................................................................................................................... 

15. Is each of the following true or false 

a) R = R - U { O } U R +  b) ~ + n { O } = q  

c) R - n  (0) .=cp  d) R+ n R- = (I 

513.6 The Numberline 

Main Teaching Point : Representation of real numbers on the Numberlme. 

Teaching-Learning Process 

In recent years the idea of Numberline has been used as a very effective aid to familiarize 
pupils with the properties of the number system. 

Draw a horizontal line and mark on it a set of evenly spaced points to represent the integers: 
this line is called the Numberline. 

Given a rational number we can mark a point representing it by using a scale or using a 
geometrical construction. The approximate rational value of an irrational number can be marked 
as a point by measyement, but the exact position of a point representing an irrational number 
can be marked by using a geometrical construction Thus, for evev real number we can mark 
a point on the numberline The order relat~on is also indicated by movement on the 
Numberline. 



A number on the right is  greater than the number on the left. Thus 8 is greater than 6.  
We write 8 > 6. 0 is greater than all the negative numbers. Sets of numbers can be shown by 
marking corresponding points. 

Number Systems, 
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Examples 

(i) { -3. 2, 0, 1, 2)  (ii) {Real numbers fi-om - 3 to + 4) 

(iii) [Positive reals) (iv) {Multiples of 2) 

. means point is included. 0 means point is not included. The thick part of line shows 
continuity between finite boundaries. Infinite sets ai-e shown by an arrow at one end or both 
ends. 

Again we associate numbers w~th  displacements, +5 is a numbel whi$ is 5 units away from 
0 and on the positive (i.e rlght) side of it. We show displ:~cement with a segment and direction 
by putting an anow head to the 5egnlent. Thus any number is represented by a directed line 
segment To repreqent  he sum of two numbers on a Numberl~ne we draw the first arrow with 
its tail at the orlgin,  he second with its tall at the head of the first. 

Examples 

(iii) - 4 + ( - 3 ) = - 7  (iv) - 4 + 3 = - 1  

The arrow reprehentine the answer has been shown by a dotted line. There is no need to do 
subtraction on the Numberline .becauhe the wbtraction sum .can be changed to an addition 
sum. 

4 - 3 - 4 + ( - 3 ) = 1 , 4 - ( - 3 ) = ? + 3 = 7  

Multiplicdtion can be ~epiesented as lepeated addition Division can be represented as 
repeated hubtraction rhus, the Nuinbellme is a useful ald to illustrate the propelties of rational 
numbers The Numberline can also hinish an excellent model for portraying the meaning of 
directed numbers. The negatlve number is designated as a direction-changmg operator. 
Different directional situations ean be described by different rules. 

The irrational numbers -,such as a '6 can be represented with the help of geometrical 
constructions using the pythagorous theorem. Draw a line segment of unit length. With this 
as the base, erect a right-angle triangl: of altitude 1 unit. The hypotenuse of this triangle will 
Re of' length 6 Now use this hypotenuse as base and on it erect another right-angle triangle 

altitude 1. T h e  hypotenuse of this triangle is 6 and so on. 



17. Draw a Numberline graph to represent : 

i) {Real numbers greater than - 5 and less than 5)  

iii) 

18. Write the statements below in two ways, one involving 1 x - 2 1 and the other 
involving (x - 2)' 



5.5 POWER. ROOTS AND LOGARITHMS 

Computation is an important aspect of mathematics. In many problems from real life we find 
large numbers and that too connected by complicated terms formed from monomials. Suppose 
we have a problem involving an expression like : 

The usual process of computation may take a long time and cause frustration. Why should 
numerical complexities be imposed upon the students? Many devices to facilitate solving of 
such sums have been developed and logarithms is one of these. 

5.4.1 Exponents, Power and Root 

Main Teaching Points : a) Properties of exponents 

b) Power and root as inverse processes 

Teaching-Learning Process 

Power Notation 
Number = ' ( ~ a s e ) ~ ~ ~ ~ ~ " " '  16 = 24 

is the base 
4 is the exponent 
16 is the power of 2 

The exponent tells how many times the base is taken as a factor. Successive multiplication 
leads to the idea of taking power. 

2' = 2  = 2 fxst povyer of 2  
22 = 2 x 2  = 4 squared or second power of 2  
23 = 2 ~ 2 x 2  = 8 cubed or thirc pcwer of 2  
24 = 2 ~ 2 x 2 ~ 2  = 16 fourth power 01 2  

2 X 2 X 2 X  ........ x 2  
2n . = = 2" n~ power of 2 

n factors 

Number Systems, 
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Teaching Arithmetic and xn means a variableflitera1 number for which a number can be substituted has been raised to 
Commercial Mathematics nth power, 

In teaching powers, n should be first of all taken as a positive integer, then a negative integer 
and lastly a rational number. 

For any real number x the following laws hold 

1. xmxxn=>F+" 
2. x m , p = x m - n  

3. (X/y)" = x"&" 

4. 9 =. 1 

We can dso consider Xwb where d /n  is rational. 

What does P P ,  n > 0 mean. 

It is always possible to find n~ root, Gm is the positive n* root of am. 

The inverse operation of taking a power of a number is that of taking the corresponding root. 
A square root is indicated by the radical symbol < ~ h u s  a= 4. With, higher roots an index 
is placed on the radical to show the order of the root: 

4 d 
Square Root 

3Jzr, 4 . ;  5m etc., 

The studeat should be exposed to a large number of examples so that they grasp the methods 
of fulding roots by observing the pattern. The easiest method is that of finding roots by prime 
factorisation. Another method for finding the square root is called "division method or 
"square root algorithm" by whch the successive digits of the root are found one by one. 
Sometimes it is difficult to explain-why the rule works. A proper demonstration with proper 
explanation at each step is, therefore, necessary. 

In short, field and laboratory roots are read fiom tables or on slide rule, or occasionally arc 
computed by the rule or division method. Secondary level students should be acquainted with 
the root table and the methocis of interpolation. 

Methodology used : Inductive method is used to arrive at the dierent properties of exponents 
awl a number of illustrations are given so that students are able to grasp the pattern. 

5.4.2 Indices and Logarithms 

Maifi Teaching Points : a) lndices and logarithm as inverse processes. 

b) Properties of logarithms. 

Teaching-Learning Process 

We have considered sets of powers of various numbers. To give meaning to logarithm, closer 
attention is given to the indices (or exponents) themklves. The logarithm of a number is thr 
index to which the base is raised to get the number. For example, the logarithm of the number 
243 to the base 3 is 5 because 3" = 243. ihis is abbreviated as log, 243 = 5. 

.Each statement in the logarithm form has its equivalent statement in the index form. 

log, 243 = 5 35 = 243 



Early In the sebtrlteenth ccnturj IJemv Briggs expressed each of the natural numbers from Number Systems, 

1 to 20,000 and from 90.000 lo 100,000 in the fbm~ log;, where n was calculated correct to 14 Expnncntn and 
Lugarlthms 

decimal places Adriarn -Vl completed the table for natural numbers between 20,000 and 
90,000 The calculations were the basis of tables of logarithms. The first practical system of 
logarithms was publ~shed by Napier in 1 6 14 The word logarithm is derived from the Greek 
word "logos" meamng ratlo 

In our calculations we use logarithms to the base 10 or common logarithms only. In practice, 
therefore, we do not w~i te  the base, we simply write log 10 = 1; log 100 = 2 etc. when 
calculating. 

Slnce logarithm is really the Index corresponding to a number, we can write index laws 
uslng logarithm notation. Thus : 

i) log xy = log x + log y 

ii) log xly = log x - log y 

iii) log xm = m log s 

IV) if s = an, n = log, x then x = alO$ 

Since we use base 10, it is necessary to introduce the idea of expressing a number in standard 
form. Thus 

Any number, "n", can be expressed as n = m x loP, where p is an integer (positive, zero or 
negat~ve) and l <  m < 10. This is called the standard form of any number,. "n". 

The index "p" in the standard tbrm glves the integral part of the logarithm. This is called the 
characteristic. The decimal part of the logarithm is taken from a table. This 1s called the 
mantissa. 

\ 

Methodology used : The discussion cum lecture method is used to make the concept 
understood by students. Many e\amples are given to illustrate bn = m <=> logb m = n. A . 

suitable drill exercise may be provided. 

5.4.3 Use of Logarithm Tables 

Main Teaching Points : a) Reading mantissa from logarithm tables. 

b) Use of logarithm tables for calculations 

Terching-Learning Process 

Suficlent p; actice is required in writing the characteristics and reading the mantissa tiom the 
table Examples such as the following may be given: 

To find log 6.176, we note that log 6 1 has the decimal column headed by 7, where the decimal 
is .7903. Log 6.176 is obtained by adding to ,7903 the number 4, actually ,0004, found by noting 
that 4 is the number headed by 6 in the difierence colunm. This gives log 6.176 as ,7907 
Since 6 lies between 1 and 10, log 6.176 = 0.7907. 

Log 61.76 = 1.7907 (6 1 lles hetween 10 and 1 00), log 61 7 6 = 2.7907 (617 lies between 100 and 
1000). It should be emphasl~ed that (1) the mantissa always lies between 0 and 1, and hence 
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Teaching Arithmetic and the nlantilsa is ul~vavs positive, (2) to find the characteristic we have only to count the number 
Cnmmerc'a' Ma'hematics of d~gits m tile ~ n t e ~ ~ a l  p a ~ t  01. n and subtract 1 fiom it, provided n > 1. For n < 1 we count 

the number of zeros aner the deciinal place to the first non-zero digit and add 1 to it. The 
numb& so obtained wit11 a negative sign gives the characteristic. 

The inverse process of finding the number whose logarithm is given is called finding the anti- 
logarithm. We use the symbol antilog to denote the phrase "the antilogarithm of ....". We have 
a separate table for finding the antilogarithm. In using the tab1ei)f antilogarithms we disregard 
the characteristic and make sure that the fractional part of the given number is indeed positive. 
We then find the number by the use o f  the mantissa and finally inseit a decimal point by rule 
of the chtracteristic. 

In the teaching of logarithm, suficiefit practice should be given in the reading of tables. The 
fact that the mantissa is always positive should be carehlly emphasized. Separate examples 
for multiplication, division and finding roots shc\uld be worked out. Speed and accuracy 
should be the final goal in calculating with logarithm. 

Methodology used : Every student must possess a logarithm table when this is discussed in 
the class. To develop skill in using logarithm tables, suEicient practice should be provided. 
Basically, the drill method is required. 

5.5 HISTORICAL NOTE 

M ; ~ l l ' ~  presellt interaction with numbers has developed fi-on~ extremely limited beginnings. Tht. 
teacher tell the students how our ancestors first acquired the sonse of numbers, then 
p ~ a d u ~ ] ] ~ r ' ~ ~ o l \ r e d  for recordillg numerical data and nlaking simple calculations. Man 

211 

Check Your Progress 

Notes : a) Write your answers in- the space given below. 

b3 Compare your answers with those given at the end of the unit. 

19. Is 2' = 5'? Is 3' = 23? Is the operation "to the power o f"  commutative ? If not, can 
you find the conditions for which the statement all1 = ma is hue. 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................ 

............................................................................................................................................. 

20. Is the statement a2 + a2 = aJ true for all values of "a"? Can you find any value of 
"a" (real numbers) that makes the statement true '? 

............................................................................................................................................ 

21. Find the values of the following logarithm by first writing down a stdement 111 index 
form: e.g., fbr logz 32, 32 = 2' log232 = 5 

(i) log, 5 12 (ii) log,, 133 1 (iii) 1 og7 343 (iv) log, 625 

............................................................................................................................................. 

........................................................................................................................................... 

........................................................................................................................................... 

............................................................................................................................................ 

... 

............................................................................................................................................ 

............................................................................................................................................ 

........................................................................................................................................... 



saw and experienced the discrete in the physical universe. There were very many objects, 
sepwate and distinct, but how manya? The simple one-to-one matching adopted by man was 
not the answer to the question. But ce~?ainly it was first the thinking process.whic11 opened 

I a new era in man's life. Thc teacher should show how strokes in clay, knots on strings, 

i wooden tally sticks and fingers were used to keep a record of numbers. In India the earliest 
known examples of written numerals are found in the inscriptions of King Asoka who ruled 
in the third centu~y I3 C. These ~nscriptions are: 

In i n s ~ ~ ~ p t ~ o n s  oi about a centuly later f o u ~ ~ d  011 the walls ot a cave of the Nana Ghat 
. hill there a ~ c  number synlbols whose probable fo~nl  was: 

1 2 3 4 b 7 9 10 20 60 80 100 1000 

- =  + L p > ?  (X 0 y  U I H T  

I 
Later, about the elghth Lclltun ' A  D., a set of numerals known as Devanagari numerals were 
used. They conta~ned the idea of zero (sunya) 

At the same tune a v e ~ y  important development was the use of the p~lnciple of place value 
m the Hindu methods of writing numbers. 

The early devices - counting boards, abacus etc. - also form an ~nteresting subject to d~scuss 
lwith students. Students may be provided with models of these devices. 

In the early stages the use of numbers uas  restricted to counting and measuring. Rut when 
numbers began to occur m pl~yslcal situations that had nothing to do with linear measure, 
a new theoiy of' numbers became an absolute necessity. The problem of ~nconxnensurables, 
the lore of the infinite and the foundations of the calculus needed a more precise formulation 
of real numbers. The totality of real numbers should be illustrated w ~ t h  e~arnples so that the 
pupils understand the s~gniticance of applied and pure mathematics. 

5.6 LET US SUM UP 

The teachng of numbers .;tarts utth the arlthrnetic of natural numbers. This in tutn helps in 
defining rational numbers and then anthrnetic. By assuming that the rational numbers are 
ordered palrs (p (1) where p, and q are natural numbers, one can proceed to define real numbers 
in several wavs Eol example as a declmal, in which case both rational and irrational can be 
expressed as a \equence of decimal digits. One may, however, prefer to conceptualise real 

numbers as meamring numbers (magnitudes) based on the 11 - 1 I co~~espondence with points 
of the Euclidean line. It may be noted that defining real numbers in terms of rationals and 
irrationals is of great impo~tance. It enables us free analysis fiom geometric intution. In actual 

; teaching the concept of real numhers may be taught as relative to (1) the structure of the real 
11ne and (2) its arithmetic and algehraic properties In the fo~nler case (1) the real numbel is 
cssentially treated nu a geoinetric entity: in the latter cslse, (2) as the ar~thrnetized entity hased 
on the natural (via the rational) numbers. Through tlle device of lahel~ng points on a line with 
arithrnetized real nu~nhers the two concepts are usehllj ~ombmned. 

- 
5.7 CNIT-END ACTIVITIES 

Discuss the tollowing quertii-ns 

1. @ means 'increase the first number by 3 and multiply by the second number" 
Evaluate . 
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Teaching Arithmctlc and (i) 4 @I 7 (ii) 7 @I 4 (iii) (3 @ 5) 6 (iv) 3 @ (5 @I 6) 
Commcrdal Mrthemntlcs 

Is the operabon @I commutative? Is it associative'? ' 

2. If n E N, prove that n2+n is always even. 

3 If d l 3  < 5/17 h d  the greatest integral value for n. 

4. Flnd all fractions p/q between 0 and 1 where p and q are relatively pnme natural numbers 
and 2 5 q 5 5 Fmd the mean value of all these fiactions. Whlch is the largest and which 
is the smallest of these fiactions? 

5. State, whether each of the tollowing statements is true or false : 

i) If a E 1, and b E I then 

a + b E I, where I is the set of integers. 

ii). I f a € W , a n d b € W t h e n  

a - b E W, where W is the set of whole numbers. 

iii) If x E I, then x4 cannot be negative 

iv) If a < b then - a < - b where a, b E R. 

V) (-3) (-5) < 6 x (-3). 

vi) is an Irrational number. 

5.8 ANSWERS TO CHECK YOUR PROGRESS 

1 The sum, the difference and the product of two integers is always an integer but it is 
not necessary for the quotlent of two integers to be an integer. For example, 1- 3) + 2 
is not an integer. 

2. The product of two positive integer is positive 

3 x 5 ~ 1 5 :  7 x 2 = 1 4  

The product of two negative integers is posibve 

( -3)x( -5)=15;  ( -2 )x ( -7 )=14  

The product of a positive and a negative integer is negative 

( - 2 ) ~ 7 = - 1 4 ,  3 x ( -4 )= -12 .  

3. Let 2n be an even number. 

(2n)2 = 4n2 which is divisible by two, and hence it 1s even. Let 2n + 1 be an odd number. 

~ 2 n + 1 ) ~  = 4n2 + 4n + 1 

4n1 and 4n are both divisible by 2. 

:. 4n2 t 4n+l is not divisible by 2, hence it is odd. 

4. a) .t'(x) = 2 x , XzO 

X=O 

-2x+1, X<D { l9  
Where x is an integer. 

There is a one-to-one correspondence between integers and positive integers. 

h) f(x) = -x, for all x E I- = Set of all negabve integd.  

Thls is a one-to-one correspondence between negative integers and set of natyal 
numbers. 

5. Yes, the sum, the difference, the product and the quotient of two rational numbers 
IS always a rational number 

6. a) Let if possible 6 b e  a rational number. Therefore, there exist.. integers p and 
q such that p and q are coprune and 

%= 6 
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p2  Squaring, we get T= 3 
4 

- p '  = 3q.  

3 p is  divis~ble by 3 

I,et, p = 3r 

Squaring, we get p' = (3r)2 = 9r2 

3 91-2/q2 = 3 

3 q 2 =  = 31-2 3 q2 is divisible by 3 

q 1s divisible by 3 .  

:. 3 1s a common factor of both p and q, a contradi,ction. 

,* fi is irrauonal. 

b) Let 1 - fi = r where r is rational 
I :. fi = 1-r 

I I - r is rational =, fi is rational, 

This is a contradiction. Hence, our supposition 1s wrong and 1 - fi is irrational. 

7. The sum of two irrational numbers is not alivays irrational. Ex. 6 + (-6) = 0 and .'0" 
is. a rational number. 

8. The product of two irrational numbers is not always irrational. 

For example. x= = 3 = 2, which is rational . , . I 
9 - = 0.06; terminating decimal, (1 5 5 x '3) 15 

1 - 25 - - 0.04, terminating decimal. (25 = 5 x 5 )  

1 - = 0.T: recurring decimal, (9 = 3 x 3) 

I 
- = 0.142857, recurring decimal, (7 = 1 x 7) 7 

1 e 8 = 0.125; terminating decimal, (8 = 2 x 2 x. 2) 

Ruk : If 2 andor 5 are the only prune factors of tpe denominator, then the rational number 
is a termmating decimal, otherwise it is a recurring h a l .  

10. a) a(b - c) = ab - LIC 

Proof : LH5 - a(b - c) = a(b + (- c)} = + a (- c) 
- - . ab + (- ac) . 

= ab-nc = RHS 

b) La + (- b)] = - a + b 

: a + ( - b ) ) + ( - a + b } = a + ( - b ) + ( - a ) + b = a + ( - ~ ) + ( - b ) + b  

(by commutative and associative properties) 
. 

= O + O = O  

:. -(a + (-b)} = - a + b 

C) (a + b) (a + b) = a2 + 2ab + b2 
PI-oof . LHS = (a + b) (a + b) = (a + b) a + (a + b) b. 

- = a . a + b a + a b + b . b  

= a 2 + a b + a b + b 2  
(by commutative proprty) 

I = a2 + l a b  + b2 = RHS 

11. a) Additive Inverse of 'a' 1s the number 'b' such @k 

a + b = O = b + a ,  

Thus, the add~tive inverse of a is - a. - ,  

~ u m h e r '  Systems, 
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Teaching Arithmetic ,and 
Commercini Mathematics 

For example, the additive inverse of -5 = - (-5) = 5 

b) The multiplication inverse 'd a ~t 0 is the number b such that 

1 Thus, the multiplicative inverse of b is - 
For example, the multiplicative inverse of 

a) { X : X = ~ , X E R } ~ ( X : ( X I = ~ , X E R }  

b) Both sets are equal. 

All are true. . 
Find (- 3) + 2 and 2 + (- 3) using the number line 

The dotted arrow represents the sum. 
For a positive number we move to the right and for a negative number 
left. 
:. 2 + (- 3) = (- 3) + 2 

The commutative property is verified. 

Similarly, the associative property can also be verified. 

i) Real numbers greater than -5 and less than 5. 

ii) (X- 2)* < 25 

move the 
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I ii) (X- 2)? > 25 

19 No, the operation ' to the power of' is not a commutative operation. 

am = m a i f a = m  

20. No. It is true if a = 0 

I 21: i) 83 = 512 :. log, 5 12 = 3 
I 

i) 1 l3 = 1331 :. log,, 133 1 = 3 

ii?, 7 3  = 343 :. log, 343 = 3 

. ib) b4 625 . . log, 625 = 4 

I 

5.9 SUGGESTED READINGS 




