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11.1 INTRODUCTION

In the preceding two unitsd this block you have learnt that due to diffraction, the image
of an object is fringed even if an aberration-free converging lens is used. That is, image of
a point object is spread over a smdl area on the obsarvation screen. Does this meen that
no optical device can form a perfect image? The answer to thisquestion is; The image of
a point source IS not geometric point. And diffraction does place a limit on the ability of
optical devicesto transmit perfect information (quality image) about any object. Such
optical systems are said lo be diffraction limited.

Broadly speaking, dillraction limited systems can be classified into two categories:

(i) Human eye, microscope and telescope which enable us to see two objects (near or
distant) distinct and (ii) Grating and prism which form a spectrum and enable us to see
two distinct wavelengths (colours). In principle, in both types of instruments two close
fringed (diffraction) patterns are formed on the screen. The question that should logically
come to your mind is. How to characterise the ability of an optical instrument to
distinguish two close but distinct diffraction images of two objectsor two wavelengths?
This ability is measured in‘terms of resolving power. You may now like to know: What
criterion cnablcs us to compute resolving power? The most widely used criterionisdue to’
Raylcigh. According to this, two diffraction images are said to be just resolved when the
first minimum of diffraction pattern of one object falsat the same position where the
central maximum of the diffraction pattern oi the other lies. When the pattems comc
closcr than this, the objectsare not resolvable. When the patternsdo not overlap, the
images are distinct and hence objectsare resolved. It is also important to know whether
the same criterion applies to both typesof optical devices? How can we improve
resolution and see decpcer in space even during the day? We have addressed all these
aspects in this unit.

Objectives
After studying this unit, you should bc able to
o cxplain how diffraction limitsimage formingability of optical devices

o usc Rayleigh criterion to computeexpressions for resolving power of atelescope,a
microscope and adiffractiongraing

e solvenumerical problemsbased on resolution, and

e Jcscribc how Michclson stellar interferometer helpsin improving resolution.



11.2 DIFFRACTION AND IMAGE FORMATION BY AN
OPTICAL INSTRUMENT

Image of a single point source

Yau will recall that in geometrical optics, it isassumed that a wel correcied lens, which
does not suffer from aberrations, producestruly a point imagc of a point source.
According to this, the image o a distant star (which may be considered as a point source)
will be a sharp point-likeimage in the focd plane of the objective of the tclescope. In
reality, geometrical optics is only an approximation. Since as you know that even with a
well-corrected objective lens of a telescope, the image of astar is not a point, but a bright
circular disc (called Airy disc) surrounded by a number of aliernate bright & dark rings.
Neither the central disc nor the other fainter rings arc sharply limited, but gradually shade
off at the edges. However, between the central disc and the firgt faint ring (and similarly
between the first and sccond faint ringsctc.) there isacircled zero intensity. This has
been discussed in Sec. 9.3 and the objcctive of the telescope acting 8 acircular aperture
produces the Fraunhofer's diffraction pattcm of the star.

Disregrading the outer rings which arc quite faint, the central bright disc represents the
imagc of the star. We have seen that the angular radius of the disc (the angle subtended by
the line joining the centre of the disc and a point on the circle of zero intensity at the

centre of the objective) is 1.22 g where & is the cffoctive wavdongth of the light of the
star and D the diameter of the circular aperature (i.e. the objective of the tclescopc).
Therefore the angular diameter of the central discis 2 X (1.22 -;—‘-). Obvioudly for small

aperature sizes, the size of the Airy disc inscreases. But the larger the aperature Size, the
smaller is the Airy disc and therefore, the more trueis the imagc o a point source.
Therefore no matter how free from aberrations an astronomical tciescope objective be,
what IS obscrved at best is not a point image of astar, but asmall bright disc of finite
size. Similar arguments are true for a microscope. W therefore conclude that diffraction
constrainsan optical divice in the formation of sharp point-like image of a point
source due to finite sizes of itS compoents.

I mage of two point objects

The. actual manifestation of this retriction due to diffraction is experienced in imaging
when we observetwo point sources. Since the objective of every optical instrument acts &
a circular aperture and the two point sources are mutually incoherent, each point source is
imaged asan Airy pattern. Fig. 11.1 shows Airy patterns of two gars formed by a
telescope. In this figure the sizes of the Airy discs are such that hey are quite far apart
from each other and therefore arC seed distinctly as two patterns. In other words, we are
able to see these two stars easily as two when they are so far apart and subtend an angle
equa to aas shown in the figure.

Fig. 11.1: Formation of Airy patterns in imaging o two stars by a telescope
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Biffraction 11.3 RESOLVING POWER OF OPTICAL INSTRUMENTS

Rayleigh Criterion

The question now arises; How close can the two point objects be brought, so that when
their Airy discs come closer together in the image plane we can still infer from their
resultant intcngity pattern that there are two Airy discs ? In other words when we bring the
sources & correspondingly their Airy discs closer and closer, a stage will be reached,

when the overlap isso much that we will not be able to distinguish between the two discs
and it will appear as a Sngle disc. What is thet critica stage when we can just infer that
there astwo discs ? At this critical stage we say that the two sources are just resolved. We
would like to know, what is the criterion for deciding the critical stages ?

Let Us perform a sSimple experiment to clarify this point. Draw on a paper two parallel
lines one millimeter apart and view them from a distance. Move backward or ferward till
these become blurred and just merge into one another. Experiencetells us that Imm is
barely resolved from a distanceof 3m. The angle subtcnded by Imm at 3m isﬁ radian
or about 1 minute o arc.We say that the eye just resolves two bright points with an
angular separation d about 1 minute of arc. It is said that the resolution limit of the eye
isabout 1 minute of arc. Sometimesthisis aso referred to as the resolving power.

This qucstion was considered by Lord Rayleigh who arrived at a criterion for deciding the
resolution limit and this conventional specificationis therefore called Rayleigh Criterion.

We have seen (Sce. 9.3) that the intensity distribution through the Airy disc issimilar to
the one obtained from a point source with a single dit. However the angle 6 between the
central maximum and the first minimum on either Side is given by

ing=6=12=x
Sne=6=125

With two closc Airy discs, Rayleigh laid down the criterion that the two pattems are just
rcsolved when the central maximum of one diffraction pattern coincides with the first
minimum of the other diffraction pattern. This criterion apears arbitrary but has the virtue
of being particularly simple. In Rayleigh’s own words:

“The rule is convenient an account of its simplicity and is sufficiently
accurate in view of the uncertainty as to what exactly is meant by resolution".

Nl Bcforc applying this critcrion to specific instrumentse.g. telescope wc will consider the
i intensity of the resultant patlern of two stars of equal intendity, when the two discs are so
| close tha they satisfy the Rayleigh's criterion & in Fig. 11.2. We can show (see example

3) that when the maximum o one intengity curve fals at the minimum of the other curve,
the two curves crosseach other at 0.4 of the maximum intcnsity. Thercfore at this point
the resultant intensity will be equal to sum of the two intensities and equal to 0.8. This
means that the resultant intensity will show adip of 20%. Thisdip is easily visible to even
SR unaided human eye. But one can argue that even a smaller dip in intensity could be
G detected by a sensitive instrument and thereforefixing the dip at 20% by Raylcigh's

b criterion is arbitrary. But this criterion is accepted because of its simplicity, which is based
on the positions of maximum and minimum.

11.3.1 Astronomical Telescope

We again consider Fig. 11.1 in which a telescope points towards two close luminous stars
which subtend an.angle o on the objective, We assume that these two stars are equally
bright. The plane waves from thesc starsfal on the objective and give rise to Airy
Barely Resolved diffraction patlems. Since the st:. arc effectively at an infinite distance from us, the
diffraction patterns(images) arc |umed in the back focal plane of the telescope objective,
where it is examined with the aid of the eye piece. Theangle subtcnded by the mid points
of central discsis equal to the angle subtcnded by the starsat the objective. And for these
Fig.11.2: Rayleigh criterion for stars to be just resolved, Rayleigh criterion demands that maximum (centre) of the Airy
imaging two starsd disc due to one star should fdl on the minimum (periphery) of the disc due to the other
small angular separation o a5 in the right hand part of the photograph shown in Fig. 9.8 and the intensity
IR distribution curve shown in Fg 11.2. We know that for the two stars to be just resolved,
|- o the angle subtended by the two stars at the objective should be equal to the angular
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half-width of the Airy disc. Using Eq. (9.13) we can say that the minimum resolvable Diffraction and Resoiu tion

angular separation or angular limit of resolution for two close stars which can be
resolved by a telescopeis

o = === (1L1)

This angle 8,,;, isalso called the resolving limit.

Two stars subtending an angle a at the objective will ke resolved for a > @,,;, and
unresolved for a< 9,,;,. Theintensity plot for more then resolved, and unresolved stars
are shown in Fig. 11.3.

Not Resolved Fully Resolved

Fig.11.3: Plot o Inlensities of two resolved, and unresolved stars

The ccntre-to-centre linear separation of two just resolved stars isgiven by

5= few,‘:%f 112)

where fis the focal length.

The resolving power, often abbreviated as RP. for an optica device is gencrally defined
as the reciprocal of resolving limit, i.e., as@,,},. This means that resolution ability of
diffraction-limited systems depends on the size of the aperturc and the wavclength. For a
given wavelength, the resolving power of a tclcscope can be incrcased by using larger
diameter objectives. To give you some appreciation of numerical values, wc now give a
s0lved example. Yaou should go through it carcfully.

Example 1

An astronomical observatory has a 40 inch telescope. Calculac the angular half-width of
Airy disc for this telescope. Take A = 6000 A.

uti Beforethe S.I. units werc adopted,
Solution the objective sizes werc expressed

From Eq. (11.1) we recall that in inches,

Omin = 1.22 A/D
On substituting the given data, you will find lhat
o = 122 x (6 X 10-° cm)
men 40 x 254 cm
72X 1077 rad
0.15 sec. of arc
Thistelescope will resolve twoclosestars subtending an angle of 0.15" at ils objective,

SAQ1
Q Spend

An astronaut orbiting at an height of 400 km claims that hc could sce the individual 5 min
houses of hiscity as they passed beneath him. Do you bclicve him. If not, why?

it TR e
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You now know that a 40 inch telescope has a minimum angle of resolution equal to
7.2 x 1077 rad. We have seen that the minimum angle of resolution of the eyeis about 1
minute of arc. We take the minimum angle of resolution of theeye about 335 x 104
rad. An important question that should come to our mind is What should be the
magnifying power d the eyepiece of the telescope to take full advantage of the large
335 X 10*rad _ 465

72 x 107rad ~
times. Note that any further magnification will only make the image bigger but it would
not be accompanied by increasein details which are not available in the primary image.
(The resolution is determined by diffraction at the objective, i.e. the magnitude of 8,,,.) To
get some idea about these details, you should carefully go through the following example.

diameter of the objective? The telescope must magnify about

Example 2

Compare the performance dof two telescopes with objectives of apertures 100 cm and 200
cm. Take their focal lengths to ke equal.

Solution
We know that for a telescope, the minimum angle of resolution
1222
emin - D
, _122) . .
For thefirst telescope 8,,;, = 100an ’ where A is in cm. Therefore. rheradius of central
, N 1.22 4 o
diffraction disc r = 8, = f 700 and the area of Airy disc

1222
Aj=nr=x Efmj

The area of the telescope objective which collectslight is = 100 em

2
largely concentrated in the central maximum and gradually decreases’as shown in Fig. 9.8.
If we assume that light is uniformly disuibuted over the disc, its brightness i.e. light per

unit area
100 cm 1.22 A
hx”[ 2 TJ'T{JCIOOcm]Z

(100)*
fF1227 02

. Thislight is

cm?

(5002 x

100? x 1002 cmé
dfZ(122)2 A2

_ 1222
For the second telescope, 6,,,;, = 0 G

second telescope is hdf of that for the first telescope. In other words, the RP. of 200 ¢cm
telescopeis twice as large. To compare their relative performances, let us compare the
brightness. As before, the area of central diffraction disc

. That is, h e minimum angle of resolution for the

and brighmcss

_ (200)? (200)? cm?
4.£2(1.22)* \?

161,

In words, the area of the central diffraction disc of the first telescope is four times bigger.
And the light collected by the second telescopein four times greater. Hence the brightness
of image by the second telescopeis 16 times. In other words by making the aperture 2
times, the intensity of image becomes2* = 16 times. So we may conclude that



(i) Theability of atelescope to resolve two closestarsdepends on the diamcter of its objective.

(i) Theintensity of theimage formed by doubling the size of gpcrturc issixteen timessince

the objectivecollects four times more light and concentratesit over an area of the Airy
disc which isonly onefourth. This means that adistant star, which istoofaint to bc
observed by asmaller objective(of the smaller telcscopc), becomes visble by alarger
telescope. That is, a bigger telescope can see farther in the sky. Thercforc, the deeper
we want to penetrate the space, the greater should be the aperture of the objective
of telescope.

Yau mey now like to pause and ponder for a while, Then you should answer SAQ 2.

SAQ 2

We can sec the starsat night but as sun rises they gradudly fade away and are nat visble
during the day. What measure would you suggest to enable researchers to make
astronomical observations in the day time itself?

Example 3

PN
Cdculate the dip in the resultant intensity of two (S'—BEJ curves according to Rayleigh

criterion, i.e. when the maximum of one curve fallson the minimum of the other curve.
Solution

We assumnc that the two curves haveequal intensity. These curves are symmetricd and
will crossat B = m/2, asshown in Fg. 11.4.

At the point of intersection, both curvcs have equal intensity:
T
2| .4

/2 2

I = = 0.4053

At this point the resultant intensity will be equal to the sum o the two intensitiesand
therefore equa to 0.8106. This means that according to Rayleigh criterion, the resultant
intengty will show a dip of about 20%. And thisdip is easily visbleto even unaided
human eye. If these two cyrves are brought closer, the dip will gradually decrease and it
becomes difficult to resolve the images. Moreover, if these intensitieswere unequal, the
dip will not bc 20%.

In the above example we have taken the intensity of both he curves to be equal. This
cssentially means that in Raylcigh criterion we take both the stars to be equally luminous.
Another important point to note is that the curves arc of finite angular (or lateral) wicth.
In case of grating (or prism), two spectrum lines, though assumed to be of equa intensity,
arc very sharp. Now the question arises: Can we usc the Rayleigh criterion even for a
grating? From your second level physicslaboratory you may recall answer (o this

question; we do use the same criterion. Is the dip 20%or so even in this case? To discover

answer to this question, you should answer the following SAQ.

SAQ 3

. 2
What is the dip in the resultant intensity of two (%%?J curves according to Rayleigh

criterion?

Another more redlistic criterion for resolving power has been proposed by Sparrow. We
know that at the Rayleigh limit there is acentrd dip or saddle paint between adjacent
peaks. As the distance between two point sources is decreased beyond Rayleigh limit, the

central dip will grow shalower and nay ultimately disappear such that the resultant curve

has a broad flat top. The angular separation corresponding (o tha configurationis sad o
be Sparrow limit. However, we will not discussit any further.

Diffraction and Resolution
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Another ussful image forming device isa microscope. Let us now learn to caculate its
resolving power.

11.3.2 Microscope

We know that an astronomica telescopeis used to view far off objects whose exact
distancesare usudly unknown. However, we were chiefly interested in their smalest
permissibleangular separation a the objective. In case of an optical microscope, the
self-luminousobjects being examined are very close to the objective and subtend a large
angle. For thisreason, by resolving power of a microscope we mean the smallest
distance, rather than the minimum angular separation, between two point objects (0
and O) when their fringed images (I and I) are just resolved. Each image consists of
a centrd Airy disc (surrounded by a sysem of rings which are very faint and not
considered). According to Rayleigh criterion, the central maximum of | should be a the
same pogtion where the minimum of I' lies. The angular separation between the two discs

Fig. 115 The optical microscope (a) Airy pattern images of two objects @ and O’ separated through
a distance s (b) Ray diagram for computation of path difference 0’B - 0’A

or thelimit of resolution 6,,, = IE)—ZX . When two imagesare just resolved, the wave
from O diffracted to | has zero intensty (first dark ring) and extremerays OBl and O’A
differ in path by 12211 , i.e. OBl - O’AI = 1.22A since Bl = Al. Thercfore, the pah
difference OB - O'A = 1.22A (Fig.11.5(a)). We show an enlarged part in the Fig. 11.5(b)
from which we see that OB is longer thean OB by s sin i and O'A is shorter by the same
amount. Here the pint O subtends an angle 2i at the objective of the microscope. Thus
the path differenced the extreme rays from O’ to the objectiveis 2s dn i. Upon equating
this to 1,22, we find that the minimum separation between two points in an object that
can be resolved by a microscopeis given by

2ssini =122

or

12211 061 A
sini ~  dni

S =

In high power microscopes, the pace between the object and objective is filled with oil of
refractive index . For an ol immersed objective, the above expression becomes

_ 061\

s = L sin i (11.3)

Yau mey now like to answer an SAQ.

SAQ 4

In the above discusson we assumed that the two point objects were self-luminous.
Suppose two objects are illuminated by the same source. Will Eq. (11.3) ill hold?

Abbe investigated this problem o image formation in detail and found that the resolving
power dependson the mode of illumingion of the object. In the above treatment both O
and O were trested as sdf-luminous objects and thus the light given out by these hed no
constant phase relationship. For al practical modes of illumination, the resolving power



mey be taken smply as

R.p = 3612
pani

Thetam p Sn i istermed as numerical aperture (N.A) of the microscopeobjective. The
maximum vaue of { is 90°. This gives the microscopiclimit an R.P gpproximetey as%t,

This shows that smaller the N. A grester will be the distance between two resolvable
paints. In practice, good objectives have N. A =1 20 that the smallest distance that can be
resolved by amicroscopeis of the order of the wavdength o light used. Obvioudy, with
light of shorter wavelength, say ultraviolet rather than visible light, microscopy dlows for
perception of finer details. (We may have 10 take the photographs and then examine the
images)

In your school physics curriculum you have learnt thet electronsexhibit diffraction effects.
The deBroglie wavelength of an eectron is given by

123
AA) = N (114)
For electrons accelerated to 100 kV, the wavdength is
LA = 112(‘)35 = 0.039 X 101%m (11.5)

Thiswavelength is 10 -5 timesthat for visible light. The resolving power o an electron
microscope Will therefore be vary high. This makesit possible to examine objects that
would otherwise be completely obscured by diffraction effects in the visble spectrum. In
this connection we may mention wremendous utility of eectron microscopein the study of
minute objects like viruses, microbesand finer details of crystd gtructures. It is better then
even ultraviolet microscope for high resolution gpplications.

11.3.3 Diffraction Grating,

Yau are familiar with a sodium lamp. It emits out two close wavdengthsof light, the
so-cdled D, and D, lines, with wavelengths \,, = 5890 A and A, = 5896 A. With a given
grating, each wavelength will form a spectrd line. We wish to know whether these two
gpectrum lines will be resolved i.e.. beseen as two distinct gpectrum lines. The ability of a
grating (or any spectroscope) to resolve two closewavelenths A and A + AA iscdled its
resolving power and is defined as

A

R.P.= Eho

(11.6)

where A A ),,;, is the least resolvable wavelength differenceor limit of resolution and A is
the meen wavelength. It is sometimesalso called chromatic resolving power.

W& know that the grating formsa principal maximum correponding to wavelength A at
the diffraction angle 8. Similarly, the principa maxima correspondingto 2 + A A will be
a 8 +A 8. At first thought you may argue that the two colours will be separated ad
dways appear to be resolved since the two angles are different. Thiscould be so if the
principd maxima, i.e. the spectrum lines in the experimenta arrangement, were truly
sharp like an ided geometric line. But we know that the principal maximum has afinite
(angular) width. Therefore, the question is: How close can these be brought so that they
are seen distinct? Obvioudy, sharper the lines, the closer these can be brought and il be
M as two.

This question was also carefully examined by Rayleigh. In Fig. 11.6(a) we show plots of
two widdy separated principal maxima. In Fig. 11.6(b) we have brought these doser 0
thet the principal maximum of A + A ) is Stuated a the position where the minimum of
A fdls. The dotted line defines resultant intensity, which shows a dip. Yau will recal that
according to Rayleigh criterion, thisis the closest we can bring these curves and till
regard them as separate. If we bring them till doser, &in Fig. 11.6(c), the resultant
intengity (shown by the dotted line) signifiesa single enhanced principa maxima

Wegply Rayleigh criterion, for the resolution o two spectral lines by adiffraction

Direction end Resolution

Thede Bmgliewavelengthof an
electren iSgiven by

h

A= —
myv
whereh isPlanck's congant, #s, is
eectronicmassand v iselectron
speed. When an electron beam is
accelerated through a potential
difference V, we can write

v= VY

m,

On combing theserdationswefind
that

A= “h 1
“Bme W
Substituting thevalues
h =66x 10-‘34]!.

m, =911 xlO':"kgnnd
e =16x101"¢C,

you will find that
i2.3
b =
A
FA
III \\
A A +ad
(c)
A Aad
(b)
A At ah
] (@ O0+A0

Fig. 11.6: Resolution of two
goectral lines
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grating for the common diffraction angle 8, From Eqn. (10.19), the condition for the
principa maxima of (A + AX) is:

dsinO=n@A+4AMN)

and the condition for the fust minimum adjacent to the principal maximum for wavelength
Ais:

dsin@=nl +%
On simplifying these we get
A
A% = 1.7

We note that in agiven order n, the R. P is proportional to the total number of dlits. Does
this mean that R. Pincreases indefinitely with N? It is not so. Think why? Does it have
some connection with the width of the grating? Yau will aso note that the resolving
power isindependent of grating congtant. It meansthat resolving powers of two gratings
having equa number of lines but different grating constants will be equal.

To enable you ta grasp these conceptsand appreciate the numerical values, we now give
some more solved examples.

Example 4

For D, and D, sodium lines, &, =580 Aand A, =589 A, Calculate the ni ni mum
number of linesin a grating which will resolve thedoublet in the first order.

Solution
Let ws take the average wavelength as 5893 A. From Eq. (11.6) the resolving power is

A 5893 x 10~%cm

AX T T 6x10%em 982.2

Therefore, we must have a grating with more than 983 lines to resolve sodium doublet in
fust order. A grating of 1000 lines will serve the purposea.

Example 5

Suppose that to observe sodium doublet we usea grating having d = 10-3cm and a lens of
focal length 2m, Calculatethe linear separation of the two lines in the 1st and 2nd order.

Solution
We know that

dsn® = nA
Let ws first consider the 1st order. For the D, line

sn 6, - 58901 ;_slg:cm _ 5300 x 10
or
0, = 5890 x 105 rad
Similarly for the D, line
sing, = 3 11 _em 5‘_312: M _ 5896 x 10~
or
6, = 5896 X 10~ rad

A 8= 0,-0; =6 x 1075 rad



With alens of focal length 200 cm, we find thet lincar separation between D; and D, lines
is
I=fAB
= (200 cm) x (6x 10 ~* rad)
= 12 % 10-3%cm = 0.12 rnin

Thisshows that 6 A are separated by 0.12 mm in 1<t order. Alternatively we may say that
linear separation is nearly 50 A per millimeter in the first order. You can readily check that
in the second order this linear separation will be 25 A per millimeter.

11.4 IMPROVING RESOLUTION

Yau now know that with the help of a telescope we can view a faint star, resolve two
close stars and measure the angle subtended by the double star at the objectiveof the
telescope. However, it is worth noting that from the Fraunhofer diffraction pattem of a
dtar, we cannot measure its angular diameter. To overcome this limitation, Fizean
suggested a slight modification that we should use a two dlit adjustableaperture (with
provision for lateral adjustment), in front of the objective of the telescope. As a result, the
plane wavefront falling on the double dlit is diffractedand collected by the objective. The
Fraunhofer diffraction pattern of the double dlit is formed in the beck foca plane of the
objective. The measurements to determine angular diameter are mede from the
observationson these interferencefringes.

Rcfer to Fig. 11.7. Two dlit apertures S, and §, are at adistanced apart. The telescopeis
first pointed towards the double stars, which act as two point sources O and O, . The two
point sources are separated by an angle 8 in adirection at right angles to the lengths of
the dits. Such objects emit white light and because of intensity considerations, the
observations have to be made with whitelight fringes. It is therefore customary to assume
an effectivevalue of the wavelength emitted by the source. This dependson the
digtribution of intensity of light and the colour response of the eye. The interference
patterns, due to O and 0, have the same fringe spacing since this spacing depends upon
separation between dlit apertures and the focal length of the objective. Moreover, these
fringe patterns are shifted with respect to each other by an angle8. Therefore,as shown in
the figure, the central maximum of the pattem due to O isat P and that due to O, isat P.
If © and O,are two incoherent sources, the combined pattern is formed by summing the
intenditiesof these two patterns at each point. Assuming that both O and 0, have equa
brightness, we can plot two cos2y curveson the same scale and shift them suitably and
then get the resultant curve.

/

N

Pig. 11.7: Principle of double dlit to observe a doublegar

We can show graphicaly that if thisshift isasmall fraction of the angular separation 8,
the resultant intensity distribution resembles a cos® ¥ curve. The resultant intensity does
not fal to zero at the minimum. By successive increasein angle 8, a stage can come when
the maximum of one pattern, say due to O, coincides with the minimum of O,. Then we

Diffraction md Resolution

Theintensity of the double slit
pattem isgiven by

.2
1=4R1%Ecoszy

msinede _ndsng
X =
in which a isthe dlit width andd is
h e dit separation. The positionsof
h emaximaarc given by
dsin0= A

wheren=0, 1,2,3,...When @is
small,the successive maxima oocur

wherep =

[

S0 that the angular separation
between successivemaximais
givenby 8, ='§ .Further, if ais
small,the interferencepattern will

be essentially acos® y curvenear
the centre.
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0

have - = % . And the paths from the wo sourcesciffer by . we can show
graphically that the resultant curve shows a uniform intendity and the fringes have
disappesared. If we displace the two curves further, the fringes will resppear becoming
sharp when the fringesare displaced by a whole fringe width i.e., 8 = 8,. They will

39, 56
disappear again when 8 = 24 or 2! | Therefore, with two point sources subtending an
angle 6 at the double dit, the condition for the disappearanceof fringesis
A 3 SA

o= 2% 2" 24"
To measure angular separation of a double star, the double dit is mounted in front of the
objective of the telescope which points towards the double gtar. (We should remember that
theline joining the stars should be perpendicular to the length of the dits.) We expect
interference pattern due to the double dit. If on adjusting the separation between the dits,
the interference fringes can be made to disappear, we can infer that the star is adouble
gtar. Thefirst disgppearanceshould take place when the angular separation is% .Letus
comparethis with the expression for theresolving limit of a telescope (0 = 1.22 %“ , Where
ais thediameter of the objective). If the doubledlits are a apart and the first
disappearance occursfor d = a, the angle 8 between the double starsis 0 = % = % .
Thisangle is effectivdy hdf of the resolving limit of the telescope. It explainsthe genesis
of the statement : The R.P of a telescope may be doubled by placing a double ditin
front of it. Yau mugt however note that with a double dlit, we can only infer the presence
of a double star (from the disgppearanced the fringes); we neither get the imagesd the
stars nor resolve them. Indeed, even before the disgppearance of the fringes, a blurring of
fringes starts. This angle isonly asmall fraction of 8,. You may have realised thet this
mcthod enables us 1o measure the angular diameter of thedisc of the star and Michdson
successfully used it in 1920.

Angular Diameter of aStar

For measuring the angular diameter of the disc of astar we should first know the
condition for the disgppearance of fringesfor adouble dit placed in Font of a telescope.
In contrast to two point sources, the disc of a star condstsof a series of points extending
from one end O, to another end O, In Fig. 11.7, we see that when O, and the centra
point O satisfy the condition for disappearance of fringes, the point just next to O, will
have a similar point next to 0 and so on. Thusadl the points between O, and O will have
corresponding points lying between @ and O, satisfyingthe condition for disappearance of
fringesand h e disc df stars will show no fringes. Since the angle between 0, and 0O for

the first disgppearance of fringesisf; , the angle between O, and O, (which isfor the

total disc) equdst—; . Thus the angular diameter 6 of the disc of the star, computed from

thefirst disgppearance of fringes, is given by 8 = g . The fringes from extreme points O,
and O, ae displaced by awhdle fringe. For successivedisappearances8 isgiven by 8 =

-2‘% ) % , .- W& know that if the sourceis a circular disc, the correct condition for the
first disappearanceis§ = 1.22 A . This method was successfully used to measure angular

d
diameters of planetary satdllites. But attemptsto gpply it for singlestars failed because of
their small angular diameters. Even with the largest dit separation possible with the
availabletd escopes, the fringes remained didtinct; no disappearancewas achieved. To
overcomethis difficulty, Miche son devised stellar interferometer in 1890. We will discuss
it now.

11.4.1 Michelson Stellar Interferometer

Theprinciple of Michdson Stellar Interferometer is illustrated in the Fig.11.8. The dit
apertures §; and S, in front of the telescopeare fixed. Light from a star reaches them after
reflection from a symmetrical sysem of mirrorsM,, M,, M, and M, mounted an a rigd



Fig. 11.8: Schematics of Michelson Stellar Interferometer

girder in front of the telescope. The inner mirrors M, and M, are fixed put the outer
mirrors M; and M, can be separated out symmetrically in a direction perpendicular to the
lengths of the dlit apertures. Therefore light from one edge o the star (shown as solid line)
reaches the point P in the focal plane via the paths O, M, M, S, Piand O\M, M, S, P,

Thiswill form interference fringes with the angular separation equd to A , the central

fringe being at P,. The other edge of the star sends light aong the path shown by dotted
lines O,M; an O,M,, and produces a similar system displaced dightly so that its central
fringeisat P5. You now know that from a continuous seriesaf points when two extreme
fringe systems are displaced by a-whole fringe width, the resultant intensity pattern will
show uniform intensity and the fringes will disappear. We will show that the angular
diameter of thestar a= 1.22 % ,
Yau can easily convince yourself by noting that the optical pathsM; M, §; and My, M, S,
have been maintained equal so that the optical peth difference for light from the two edges
of the star is the sameat S, and §, as at M, and M,. If the path difference at M; and M, is
onewhole wavelength, the path difference at §, and S, is aso one whole 2 and fringe
shift is equal to one fringe width. This leads to disappearance of fringes.

We now proceed to show that when a = %, the two dotted rays O,M; and O,M, have a
path differencedf one A when they reach the mirrorsM, and M,. The path difference of
one wavelength arises becauseas shown in Fig. 11.8, the telescope is so directed that the
two rays O;M; and O\M, travel equal paths to arriveat mirrors M; and M, and hence
arrivein phase at mirrors M, and M, . However the two dotted rays O,M, and O,M, are
inclined to the axis of the objectiveof the lensat an anglea, so that thisedge of the star
sending rays O,M, and O,M, is one wavelength farther from M, than from M,. This
explains the path difference of oneA However one may argue that the dotted rays will not
be reflected by ordinary laws of reflection. But because anglea isso small there will be
enough diffraction at mirrors M, and M, so that we still can select a pair of rays which
reach the centres of S, and §, by paths which are identical to those traversed by solid

lines. For small angleawe havea= %‘

where D is the separation of outer mirrorsM; and M,

In this arrangement the smallest angular diameter that can be measured is determined by
the scparation of the outer mirrorsM,; and M, rather than the diameter of the objective of
the telescope. Therefore, the stellar interferometer magnifiesthe effective resolving power

of the telescope in the ratio% . We may emphasize that for a circular star disc, the fringes

will disappear when o = 1.22 % . Thisimplies that the outer mirrors have to be moved
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out a little farther. Yau should note that the fringe separation i s controlled by the small
distanced, rather then the bigger distance D, and hence is easily seen.

The interferometer was mounted on the large reflecting telescope (diameter 1060 inch) of
the Mount Wilson observatory, which was used because of its mechanica strength. The
first star whose angular diameter was measured by this method was Betelegeuse
(o~Orions) whose fringes disappeared when the separation between M, and M, was equal
to 121 inches. Assuming A = 5700 A, we find that

1222 122 x 5700 x 10-%cm
“=TD 7T nix25acm

27 x10% rad
0.047 seconds of arc

The distance o Betelegeuse was measured by paradlax method. Its linear diameter was
then found 10 be 4.1 x 108 km, which isabout 300 times the diameter of the sun. The
maximum separation of the outer mirrorswas 6.1m o |hat the smallest measurable
angular diameter with A = 5500 A was about 0.02 seconds of arc. Thisis insufficient for
most d the stars. The smallest gtar for which measurementswere made was Arcturus. Its
actual diameter is 27 times that of the sun.

At the surfaceof the earth, the aun disc has an angular diameter of about 32° = 0.018 rad.
If weimaginethe sun to beat adistancedf the nearest star, its disc would subtend an
angled 0.007 seconds of arc. This will require a mirror separation of 20m for
disappearancedf fringes. It is difficult to achieve this in practicesince we require a rigid
mechanical connection between mirrorsand eye piece.

Let us now summarisewhat you havelearnt in this unit

115 SUMMARY

e Diffractionconstrainsan optica devicein the formationdf a sharp point-likeimage
of apoint source.

o Rayleigh'scriterion for resolution of two imngesdemandsthat the first minimum of
diffraction pattern of oneobjectand the central maximum of thediffraction pattern
of theother shouldfall a the same pogition.

e Theminimum resolvableangular separation or angular limit of resolution of two
closeobjects by atelescopeisgiven by

_ 1.22)

Omin D

where A is the wavelength and D is diameter of the telescopic objective.

o The resolving power of atelescopeisinverseof angular limit of resolution. The
deeper we want to penetrate the space, the greater should be the aperture d the
objective of telescope.

® Theresolvingpower of amicroscopeis defined as the smallest distance between
two point objects when their fringed imagesare just resolved:

_061A _061A
T usini ~ N.A,

RP

where i istheangleof incidence. 1 Sni isknown as numerical aperture and is
approximatelyequal toone for good objective.

e Theresolving power of adiffraction gratingis defined as

A
R.P a7y nN
where A A isthe least resolvablewavelengthdifference,n isorder of spectrumand
N isthe totd number of dits.



11.6 TERMINAL QUESTIONS

1 Adiffraction-limitedlager beam@ = 6300 A) of diameter 5Smm isdirected a the earth
from aspace laboratory nrbiting at an atitudeof 500km. How largean areawould the
central beam illuminate?

2. Refracton takes place in aprism. The face d the prism limits the refracted beam toa
rectangular section. By using Rayleighscriterion, it can be shown that the resolving

power of aprism

A du
.~

wheret isthe length o the base of the prism, p is the refractive index of the material of
priam for wavdlength A. A prism is made of denseflint glassfor which refractive indices
for A= 6560 A and 4860 A are 1.743 and 1.773 respectively. Calculate the length of the
bese d the prism.

11.7 SOLUTIONS AND ANSWERS

SAQs
1. The minimum angle of resolution of eye

1222 122 x (5.5 x 107 cm)
D T 0.2cm

The laterd width for resolution
I=r9=(4x10°m) X (336X 1078 rad) = 1.34m

= 3,36 X 10*rad

9=

Sinceit is much less than the width of individual houses, it is not wise to believe the
astronaut.

2. Asweincreasetheaperturedf the telescope, the light collected by it from astar
gradualy increasesand gets concentrated in the image (thediffractiondisc). Ultimately
astagewill comewhen theimageof the Sar becomesbrighter than the background and
ke visble (Thisis because the intensity of the image of astar is proportional Lo fourth
power while the background sky light increasesas the area of the aperture.) Thismeans
thet researchers can seeSars during the day by using a telescope with larger objective!

3. The maimumisat Naz and minimum at (Nn+ ). The twocurvesare symmetrical
and if they are of equal intensity, they will crossat Ny = Nnr + 7—2': . Therefore, if you

. 2
evaluate thefunction {E;—?;%Y] aNy =Nnmnand Ny =Nnr +§ ,lLey = nmand

¥ =nn+ ==, you will find that

2N’
sinNng| _
sinaxk |

Hence the required ratio is niz =0.4053. This meanshat the resultant intensity wiit
show adip of about 20%as in the case of a telescope.
4. Thewavesgiven out by each sdlf-luminousobject bear no constant phaserelationship so
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that theintenstiescan beadded up. Theobjects viewed with microscopesare
illuminated by thesame sourceand there will be Some phasere ationship between the
waves emanating from these. Strictly speaking theintensitieswill it be additive. But
Abbefound that Bq. (11.3) givesthecorrect order for the limit of resolution.

TQs
1 Weknow tha hdf angular goread of light beam is given by

_ 1220 _ 122 x(6300 x 10-*cm)
- D T (0.5cm)

154 x 10~ rad

0

Since the diameter of light petch
x=2r0

the area of the earth illuminated by the besm focussed from the space laboratory & an
dtituded 500 km is

e

- e = z

A_4. P 0
22 . 10 02 —4y2
-_--7-x(25x10 m) x (1.54 x 107%)

= 10934 m? = 0.01 km?
2. dp= 1773 - 1.743 = 0,03
dh= 6560 -4860 = 1700 A = 1700 x 10-% cm

Note that spectral Spread is very wide wheressd A should bea small change. Assuming
that p changeslinearly between these two colours, we have

%l}%hﬁo_o%’%m - _117 x 10* el = — 1765 cm”’

The negative sign signifiesinverse vadue of relationship between A and u. The prismis
mede of denseflint glassand to just resolve D, and D, lines we require

RP= —5-%9—%5 = 982
so thet
h —
it 082 = 1765¢
and
082
t = W = 0.556 cm ~ 0.6 cm



Large Teescopesand | mage Quality

We have seen that bigger is the aperture of the telescope objective, better is its resolving
power. AlSO bigger apcrtureincreasesthe collecting area of the objective, hence enables
the telescope t0 detect very faint objects. Therefore with the aim of seeing remote and
faintobjects distinctly and clearly, there has been an attemipt to build large telescopcs.

A mgor shift in the 19th century was from lens telescopes to mirror telescopcs which
have the added advantage of not suffering from chromatic aberration. Thereforein the
early part of thiscentury Mount Wilson Telescope was made with @ mirror of 100 inch
(25 metre). The next big telescopc to be built was Hale Telescopeof 5 metre aperture
which gtarted functioning in the late forties.

When we make astronomical observations through a ground bascd telescope, light coming
from a distant star is first incident a the top of the atmosphere in the form of a plane
wavelront. This light has to travel through the atmosphere to reach the objective of the
tclescope, which bringsit to a focus. Therefore when wc look at a star, wc are 'sccing'
through the atmosphere. If the atmosphcrc producesno distortion in the plane wavefront,

the resolution of the telescopcis 6 = 1.22 % which is the theoretical limit. This limit is

not achicved because of the degradation of the image quality introduced by the
atmosphere, Small temperature fluctnations within the atmosphcrc (< 1°) produce
fluctuationsin the atmospheric refractive index, The light which isinitidly a plans wave
becomes corrugated and distorted after passing through the atmospherce. The magnitude of
the distortion introduced is of the order of a few wavclengthsof visble light. In the last
decades " adaptive optics techniques™ have been developed, first to sense the distortion
and then make a suitable wavefront correction by controlling the optical path length. If no
correction is done, for atelescope larger than 10 cni, the resolution is severely limited by
theeffect of 'sccing’ (which is observnblc as twinkling).

Obvioudy 'seeing’ depends upon observation sites which have thereforeto be carefully
chosen. Good observation sites would be high peaks situated in a flat area. Some good
examples arc Mauna Kea, Hawai; or La Palma, the Canary |dlands.

In addition to the limit imposed by “secing’ through die atmosphcre, theimage quality of
large Iclcscopes is affected by (he aberrations produced within the tclcscope. Techniques
for improving the image quality have been developed for ensuring precise shape of the
primary mirror. This technique is caled "activeoptics”.

Fram the earth we can use only a small part of the clectromagnetic radiation. Thus we can
use only the visible light and radio waves (and parts of the infrared), A large portion of
radiation remains inaccessible because it getsabsorbed or scattered while passing through
the earths' atmosphcrc. The only way is put up a telescope above the carths’ atmosphere
like a satellitc where it can receive the incoming radiation and the full information can
then be beamed to the station on earth. For this reason Humble Space Telescope was
launched in-1990. Since it is above the atmosphere it is free from atmospheric distortions
in the image. Also, being in a weightless state, it is not subject to distortionsof the mirror
which arise due to weight for a ground based tclcscopc.

However it is worth mentioning that with the rccent advances in active and adaptive
optica techniques the ground based telescopes have achieved a high level of accuracy,

coming close to that of space telescopc.
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