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17.1 INTRODUCTION 

The exact period when trigonometry began to be used is not known. The document called the 
Rhind Papyrus has evidence to show use of trigonometry in the construction of pyramids to 
maintain a uniform slope and give a flat face to the pyramid. The Egyptian surveyors used the 
concept of the horizontal change ror each unit increase in vertical height. 

The &dent Greeks developed trigonometry as an aid to their work in Astronomy. The 
"gnomon' orthe vertical stick was the simplest astronomical instrument. if was used to produce 
a shadow on the ground and by finding the lengths of the shadows, the time of the day and the 
time of the year could be determined. Although the Greek trigonometry and the trigonometry 
we teach are very much same there is some conceptual difference. In modem trigonometry we 
are mainly concerned with either the ratios of the sides of a right-angled triangle or the 
coordinates of points on a certain circle or the functional relations, while Greek trigonometry 
was mainly centered on the lengths of chords of circles. 

The Hindu ~~lathematician Aryabhatta also used trigonometry in astronomy. Evidence of the 

use of Sine ratlo and the result sin28 + cos20 = 1 is avadable in ancient documents. 

17.2 OBJECTIVES 

On successful completion of this unit the teacher should be able to 

make the students understand the importance of trigonometry; 

demonstrate to the students how the concepts of similarity form the basis of trigonometric 
ratios; 

develop in students the skill of manipulating trigonometric ratios and appreciate their 
~lationship. 



a help the students in using Pythagoras theorem to solve problems involving trigonometric ~rlugle~ ai I@ A~#IC~UQU b 

ratios; Wm-rbp 

a develop in sh~dents the skills of proving trigonometric identities; and I 
a develop problem solving skills as required to solve height and distanceproblems. 

17.3 SCOPE AND MEANING OF TRIGONOMETRY - -  

Knowledge of trigonometry is useful in many situations such as navigation of shqs or 
movements of aeroplahes, rockets, astronomical sciences, engineering surveys etc. Thus 
trigonometry has wide applications in real life as well as in the study of other b m h ~  of 
Mathematics and Physics. 

I 

17.4.1 Definitions of Trigonometric Ratios 

Main Teaching Point : Invariance of t-ratios(t-ratios depend only on the angle and not on the 
size of the triangle). 

Teaching-Learning Process : The concepts of an angle is fundamental in trigonomeiq. The 
angle is introduced with the idea of rotation. Thus an angle is obtamed when a ray, say OP, 
rotates about the vertex 0 in the direction shown by the arrow till it reaches position OQ. The 
amount of mtation is the measure of the angle 8. As a convention we take anti-clock wise 
directionas the positive direction of rotation. When the rotationis clock wise, the angle is taken 
as negative (-) 

Diffhnt systems of measurement of angle are used. 

The two syaems commonly used are: 

I )  The British System (sexagesd  system) 

Here the unit is a right angle whch is the amount of turn when the ray makes a quarter of a 

lo = 60 minutes (60') and 11=60 seconds (60"). 

Ask: When do you call two triangles simrlar ? 

The pupds would reply that two triangles wlll be similar (a) if their corresponding angles are 
equal and @) their correspondmg sides rtrr: proportional. 

Ask: What is SSS of similarity? 



I ~eachhig Gcorn&y m d  The teacher can bring out the condition of similarity: 'if the comsponding sides of two 
Trigonomdry mangles are proportional, then th& are similar'. 

Now teacher should ask the students to draw an angle POQ as in Fig. 17.2. Take points Ai, 
A2, & etc. on ray OQ and drop perpendiculars on ray OP. Let the feet of perpendiculars be 
BI,  B2, B3 ek. respectively. Ask-the students to determine the latios of different sides in 
different triangles like: 

OAl OA2 OA3 - - -- 
OBI ' OB2 ' OB3 

Ask the students to report the result The teacher could give the definitions at this stage: 

AiBi A2B2 A3B3 
i) --- - -- - - - OPPO - - site side = sine 0 or 0 

OA1 OA2 - OA3 Hypotenuse 

AlBi A2B2 &B3 - - jii) -- - -- - - - 
Oppode side = tangent 0 or tan 0 

OBI - OB2 OB3 Adjacent slde 

OA1 OA2 OA3 Hptermse = cosecent 0 or cosec 0 - iv) ------ AlBl A2B2 - A3B3 - Opposite side 

OA1 OA2 H Y P O ~ ~ W ~  
=secant 0 or set 8 v) ------ OBI - OB2 - OB3 - Adjacent side 

OB i OB2 OB3 Adjacyt slde 
= or cot vi) AlBl - A2B2 - A3B3 - Opp~slte sick 

The teacher should emphasize that the ratio is more important. The measure of a side could be 
obtained if one side and the comsponding ratio is known 

Methodology used: Discussion with inductive reasoning is used to show that 
trigonometnic-ratios is independent of the size of the triangle. 

17.4.2 Trigonometric Ratios for Standard Values 

Main Teaching Point : Deriving values of mgonomemc-ratios for standard values of angle. 

Teaching Learning Process : Trigonometric Ratios for standard values could be 
intmduced in the following manner: 

Ask : State Pythago~as Theorem. 

In a right triangle, the square on the hypotenuse i: equal to the sum of squares on the other 
two sides. The teacher draws the diagram (Fig. 1: .3) of an isosceles right triangle. 

Ask : What is the measwe, of LA and L C if A ABC is an isosceles and right angled 
mangle? 

The student will answer that each angle would be 45'. 



The teacher can give the measurement of Bach side to be 'a', i.e. AB = BC = a 

Ask : Calculate the length of hypotenuse AC 

The students would answer a. 
/ 

Ask : Wok out the different trigonometric ratios for angle 45'. 

  or the trigonometric ratios of 30' and 60°, the following procedure could be used. Draw an 

. a - 
D a  

2 units -> 

equilateral triartgle in which each side of is of 2a units. 

Ask : If AD is the altitude from A to BC meeting BC at D, calculate the length of altitude AD. 

By using Pythagoras Theorem the students would wok  out the altitude AD to be 6 a. 

Consider ABDA, BDA=~@-& ABD=60°. (Because ABD happens to be the angle of an 
equilateral ttrangle) 

=> BAD = 30° 

Ask : Determine all trigonometric ratios of the angle 60'. Taking help .of ABDA all 
trigonometric-ratios could be worked out. 
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Sec6OW=--=-=2, Cot60w=--=' 
BD 1 AD 6 

Ask : Determine all trigonometric-ratios for the angle 30'. 

The teacher can help the student looking at the triangle of Fig. 17.4 in a different way 9s shown 
in Fig. 17.5. 

1 6 2 
sin30°=- , Cos30'=- , tan 30°= 1 , Cosec30' = - = 2  

2 2 1 

6 
sec30°==2 , ~ o t 3 0 ' = - = 6  

1 

Next teacher can take the concept of trigonometric-ratios of 0' and 90'. 

In Fig 17.6 effect of gradual decrease of angle is shown. As the angle is decreased the opposite 

side or the altitude keeps on decreasing. In other words, 8 + 0' + MP + 0 and MP + OP 

Ask : Now, determine all trigonometric ratios of 0' 

OP OP OP OP Cosec 0' = - = - = a, (or not defined) , Sec 0' = - = 1, Cot 0' = - = a, (or not defined) 
MP 0 OM MP 

Exactly on the same lines, the students could be made to work out t-ratios for 90'. As the angle 
gradually increases, the adjacent side or the base of the triangle subsequently decreases. 



MP Sin 90' = - = 1 , OM 0 
OP 

C O S ~ O ~  - = - = O  
OP OP 

MP MP OP Tan90°=--=-- 00, Cosec90~-= 1 
OM 0 MP 

OP OP 
Sec 90' = - - - 

OOM 0 
O M - O ,  C 0 t 9 0 = = O  MP MP 

Methodology used : Deductive Method is used to get the values of trigonometric-mtios for 
different angles. 

17.4.3 Standard Values Table 

Main Teaching Point : How to form the table. 

Teaching-Learning Process : The teacher can help the students to prepare trigonometric- 
ratios table for standard angles oO, 30°, 45O, 60°, & 90'. 

How the table is prepared could be explained easily. 

Write all angles in first row and all trigonometric ratios in first column. The angles should be 
in ascending order. In the row where "Sin 8" is written, in each square write the following 
numbers 0.1,2,3 & 4. Now divide eagh number by 4 and take the square root as shown in the 

3 table. Now simplify each value. For "Cos Ow, values to be written in reverse order as that of 
Sin 0 

Sin.0. Tan 8 = -- , so divide the respective "Sine" values with "Cos" values. For Cosec 8, 
Cos 8 

1 Sec F, and Cot 8 take the reci~rocal values of Sin 8. Cos 8 and Tan 8. 

I Angle 0" 1 30' 1 45' 1 60" 1 90' 1 
- -  . 

I T-Ratlo I I 

p,q 
' 

$4 4 2 4 
b Cos 0 1 - 1 0 
I 2 

Tan Q - 1 - 
0-0° 

-. - 

Cosec 0 - = 2 2 
1 

Sec 0 

Cot 8 -=  0 
-- 1 



Example 1 . Show that 

7 
sin2 30' s d  60' cosec2 30' - Tan 45' Cos 60' Sin 90' = 1 

Solution : The teacher can solve the problem by actually using trigonometric-ratio table 

LHS = S~I? 30' sec2 60' cosec2 30' - Tan 45' Cos 60' Sin 90' 

Example 2 : Venf) COS 2 8 = 1 - ~ 2 e . m n e = 3 0 0  
1 + tan2 8 

1 Solution : LHS = Cos 2. (304 = Cos 60' = 2 - 

Hence LHS = RHS 

Solution : The teacher should draw, the diagram of a right angle triangle ABC on the black- 
b o d .  Let the students come out FWI the length of opposite sides and - as 'a' and 
3a 

Ask : Determine the adjacent side i.e. AC = X A 

x2 + a2 = (3a12 

or x2 = 9a2 - 8a2 

x2 = &,2 

B x = ~ G  X .  

Ask : Now, write the values of Sec 8 and C d  8. 



Methodology used : Deduction method is used to form the table and illustrate its use by taking 
different examples. ' 

Check Your Progress 

Notes . a) Write your answers in the space gven below. 

b) Compalr: your answers with the one given at the end of the unit. 

Illustrate how to solve the following: 

1 Find the values of each of the following: 

a) cot2 45' + sin2 30' - cot2 30' 
1 

b) 2 sin2 30' + 2 t a d  60° - 5 cos2 45' 

l 2. If tan 0 = - , find the values of sin 0 and cos 0. 
3 

3 If0=30°,venfythattan20= 
2tane 

I- tan2e 

4 1f~=~=60~ ,verr fyCos (A-B)=CosACosB+SinASmB.  



17.5 TRIGONOMETRIC IDENTITIES 

An equation involving trigonometric ratios of an angle 8, which is true for all values of 8 for 
whch the grven tngonometric ratios are defined is said to be a trigonometric identity 

17.5.1 Standard Identities 

Main Teaching Point : Derivation of basic ldentitles. 

Teaching-Learning Process : There are three basic tngonometric identities which are derived 
fmm thePythagoras Theorem. 

Ask . What is the relauon between the sides of right angled triangle ABC, right angled at C? 

Teacher should ask the students to divide the above equation by AB2 

AC BC Ask . What the trigonometric ratios represented by - and - 7 
AB A B '  

Substituting in (2), we get 

Again teacher should write (I), and ask the students to divide it by Bc2 

Once again the teacher should go back to (1) and ask the students to divide (1) by A C ~  and get 

. . 1 + tan28 = sec28. 

Methodology used : Deductive method IS used to derive the three basic identihes. 

17.5.2 Applications 

Main Teaching Point : Use of basic identities and methods of proving other identities. 

Teachiig-Learning Process 

- :ample 1 : Determine whether the following equation is an identity: 

Solutma : The teacher can do some questions for the students. Let A lie b&een 0' and 90' 
i.e. 0' < A < 90'. 



L.H.S. = 
tan A + Sin A 
tan A - Sin A 

Sin A + Sm A 
- - Cos A 

SinA S inA -- 
Cos A 

Triangles and I& Appl~atiom to 
Trigonorneb 

Sin A 

- - SecA + 1 
Sec A - 1 

= RHS 

Si.nce the equation is true for all values of A, hence it is an identity. 

2 Exmaple 2 : Examine whether Cos 8 + Cos,8 = 1, is an identity. 

Solution : cosL 8 + COS 8 = 1 

Using the quadratic equation formula 

Cos 8 =- I + " 1s not possible as Cos 8 can not exceedl. 
2 

(or Base can not be more than hypotenuse). 

- 1-45 Cos8=- 
2 

is true for a particular value of 8 only. 

. The given equation is not an identity. 

Example 3 : If X = a Cos 8 ,  Y = b Sin 8, prove that 

Solution : To prove the result, substitute the value of x and y in left hand side of the identity 
to be proved. 

x2 y2 - (a cos q2 + @ 
L.H.S = - + 

a2 b2 a 2 b2 

Hence proved 

Example 4 : I fx  = r Cos A Sin B, y = r Sin A Sin B, c = r Cos B prove that 3 +y2 + 2 = r2 

Solution : Starting with left hand side 

2 = ? s i n 2 ~  (1) + ? cos2B (sin2@ + Cos 8 = 1) 
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Methodology used: Deductive method is used to show different methods used in proving 
different types of identities. 

Check Your Progress 

Notes : a) Write your answers in tne space given below. 

b) Compare your answers with the one given at the end of the unit. 1 
How you will e x p h  the following identities? 

i 

Cos 0 5. - - sin2 0 
=Cos0+Sin0 

1-tan0 Cos0-Sin0 I 

I 

i 

6. (z:: - + I) tan% = sm20 

7. sin4 0 - cos4 0 = sin2 0 - cos2 0 = 2 sin2 d - 1 = 1 - 2 cos2 6 

- - I 

17.6 HEIGHT AND DISTANCE 

The height of a mounmn or the width of a river can-not be measured directly. l k  is one of 
the important areas where trigonometry can be used. The teacher should take up this point in 
detail to show the use of trigonometry. 

17.6.1 Meaning of Terms Elevaiiorn and Depression 

Main Teaching Point : Angle of elevation and angle of depression. 

Teaching-Learning Process : The horizontal throughthe observer's eye is called line of sight 
If an object is above the line of sight the observer wit1 have to mse hidher eyes to look at the 



Line of sight 

Ng. 17.9 

Simlarly if an object is below the llne of sight the obsemer has to lower h i h r  eyes to look 
at the object and the angle by whch helshe has to move hsther eye-sight downis called angle 
of depression i.e the angle made by line with line of sight (PQ) is called angle of depression. 

Methodology used : Lecture method is used to explain the meaning of the tenns. 

17.6.2 Applications 

Main Teaching Point : Drawing of the correct diagram and using it to find height and 
distances. 

Teaching Learning Process : Before starting with the problems related to height and 
distances, the importance of drawing a correct and proper diagram should be discussed. The 
students should be taught to construct the sutable diagram for the given problem. 

The mountain, tower or tree etc are always to be taken as straight lines since their spread is of 
no consequence for measurement of height The kite or the object like aeroplanes etc. or the 
observer are always treated as points in the dlagram 

The teacher must emphasize on drawing of a hagram of the situation described in the problem. 

The language should be understood and diagram be drawn accordmgly. It should then be 
labelled. 

Example 1: A kite is flylng at a height of 100 m. The string of tie jute IS malung an angle of 
60' with the horizontal. If there is no slack in the string, find its length 

Solution : The teachef should ask, the students to draw the diagram assuming the kite as a 
point The length and the width of the lute is neglected as we need to use only its haght abwe 
the ground to find the length of the string. 



Tmchlng Geomdr) and In Fig. 17.1 1 P is the kite, Q is the observer. R is the polnt on the ground which is directly 
Trilpnoind y below the kite. 

P 

PR Sin 60' = - 
PQ 

PR d -- 
100 

Example 2 :'Two veriical poles are fixed 60 m. apart. The angle of depression of the top of 
the first as seen fromthe top of the second, which~s 150 m lugh, u 30'. Flnd the height of the 
first pole. 

Solution : The teacher should help the students to make the diagram. 

PN & QM are two poles, tlre height of the longerpole is 150 m. Angle of depression (8) ~s 30" 

Let PN = X. D w e  betweensthe poles = PR = 60 in 



= 150 - 20 x 1.732 

= 150 - 34.640 

= 115.36 rn Ans. 

Example 3 : Two ships are approaching a light houselrorn the same side and are moving in ' 

a straight line towards the light house. If the h g l e  of depression of the farther ship from the 
top of the light house be 30' and that of the nearer ship be 60' and the height of the light house 
be 100 rn, find the distance between the two ships. 

Solution : 

Y. 

Fig. 17.13 

LA3B = 30' and LATB = 60' 

LetBT-xandBS=Y 

(We need to find y-x, hence we have to calculate x and y and then find y-x) 

AB 0 100 100 InABT,--=tan60 = > - = 6 = > x = - - -  
BT x dT 

AB 100 
In A ABS , -- = tan 30°=, - - 6 => y = 100 6 

BS Y 

Hence the distance between the two ships is 1 15.47 m. 

Methodology used : Mostly deductive method is used. Various examples are considered and 
solved using deductive log~c. 

. Check Your Progress 

Notes : a) Write your mswers in the space given below. 

b) Compare your answers with the one given at the end of the unit. 

Explain the following to the students: 

I 
8. The shadow of a vertical pole is - of its height. Find the altitude of the sun. dT 

....................................................................................................................................... 

......................................................................................................... ' .............................. 

.................................................................................................................................... 





7 
l i COT A- 3 detemne the value of tan A. 

5 ? Jt tan 8 = - deternine the value of Cos 0 - Sm .I 
4 

5. Prove that 4 Cos2 60' + 4 tad 45' - sln2 ~ ~ 1 °  - 
1' 

r.. Prove that sin (900 - 0) ~ o s  (900 - 0) = - " 
1 +tan28 

- Prove that Sec 50' Sin 40' + Cos 40' Cosec 50' = 2 

X Evaluate sin2 25' + sin2 65O 

Cos 20° 35' 
9 Evaluate - -- 

Sin 69' 25 

sin28 
i ( ,\oh e the equation ---- ----- - - 3 

tag8 - sm28 

i l Detemne whether the following equation is an ldentlty 

12. Prove the following identities 

1 + Cos 8 - sin28 
. b, Sin 8(l + Cos 0) 

= Cot 8 

14 I f t a n 8 + S i n 8 = p a n d t a n 8 - S i n 8 = q  provethat 

15. A tree is brokenby the wind. The top struck the ground at anangle of 30' and at a distance 
of 30 m from the root. Find the complete height of the tree. 

16 Two ship's are sailing in the sea on either side of a hght house. Tbe angles of depression 
of two ships as obse~ved from the top of - the light house are 60' and 45' respectively; If 

the distance between the stups is 200 (* + m , fmd the height of the light house. 6 
17 An observer standrng 60 meters away from the building on the ground, notices that the 

angles of elevation of the top and the bottom of a flag-staff on the buildmg are respectnrely 
60' and 45'. Find the height of the flag-staff. 

17.9 ANSWERS TO CHECK YOUR PROGRESS 

Triangles and its AppHcaPona b 
Trbonometry 



4: Cos (A -B) . Cos 1 

Cos 0 sin2 c 5 .  ------ - -- - (-os - sin2 E 
. I-tan@ ?~SO-Sin@ 

I 
See Case-Sine 
Co; 

- -- COSP - - s!db - (COS Ll + Sin 0) L R.H.S. 
Cos @ - Sin 8 Co- @ - Sm 

1 d e  - -- sec2f3 = R.H.S. -* c0s2e 

. - - ' - cos4e - (sin28 + cos2@)(sinL@ - cos2e) 

= sin28 - cos2g 

2 2 Sin 8 Cos 8 = sin2@ - (1 - s*n28) = 2 - 1 

sm2r c:s2e = (1 - cos20 CO& = 1 - L COS% 

17.10 SUGGESTED READINGS 

Sama C.S. Gupta R.G. & Gaq P K (1995) . Mathematics for Secondary Schools, ATya Book 
Depot, New Delhi. 

Kalra M.R (1995) : Comprehens~ve Mathematics, Class LY & X, Laxmi Publication, New 
Delhi. 

Lomey S.L. (1917) Igonomern, Purl - I ,  McMillan India, New Delni. 

Slnghal P.K. (19% Planned Mathematics for Class X, Bharti Bhawan, Patna 

A Textbookfor ~e&ndcw Schools Class LY & X, National Council of Educational Research 
and Tdmng, New Delhl 

Smgba H.S., Singha Jatindra (1995) Quesaon Bank for ClassXMathematics, Hemkunt Press, 
New Delhi. 

80 .- 




